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SPECTRA OF CONVOLUTION OPERATORS ON 
lL” AND RINGS OF FACTOR-SEQUENCES 


By G. L. KRABBE (Purdue University, U.S.A.) 
[Received 9 June 1956] 


1. Introduction 

SUPPOSE |< p< oo. A sequence (a,) (n € Q) is said to be of type 
(L”, L”),+ if (a, ¢,,) (n © Q) are the Fourier coefficients of a function g 
in L? whenever (c,,) (n € Q) are the Fourier coefficients of some function f 
in L”, The mapping f > g is then a bounded linear operator 77, ,; the 


being the set {a,: n € Q} (i.e. the range of a), it 


7 


point-spectrum of 7 
follows that 


a,p 
. o(T,, ») > w(a), 


7 
a,)} 


where o(7', ,,) denotes the spectrum of 7), ,, and where w(a) denotes the 
closure of the set {a,: € Q}. 


Suppose that a is any bounded sequence. It is easy to prove: 


THEOREM |. Jf p = 2, then the sequence a is of type (L”, L”) and 


o(T., ») m(a). 


[t will be shown in this paper that Theorem 1 holds for all values of 
p when a is suitably restricted. More specifically, I shall define the 
‘o-variation’ V,(a) of the sequence a [see § 7|, and verify that, if V,(a) < 00, 
then the conclusion of Theorem 1 is valid for any p in (1,00); moreover, 
there exists a number k, > 0 such that 


- 


a,p p a,piip 


(i) supa, lim|\(7. 0” < 7 : k,(sup a,|+V,(a)). 


neQ 


neQ 


The set #, of all bounded sequences a with V,(a) < 00 forms a Banach 
algebra, and the set of all sequences of bounded variation} forms a 
proper sub-algebra of #,. We also have, for 2 = &,, 


(ii) if fis an analytic function on the set w(a), then the sequence ( f (a,)) 
(n € Q) is in B& when a = (a,) (n€ Q) is in &. 


+ See (3) 17.2. Such sequences are also called ‘factor-sequences’ or ‘multi- 
plicators’. 

t See (5) 230. A sequence a is of bounded variation if > |a,—ay,,.,| < © 
(7 ) 
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2. Application to certain integral operators 

First, suppose that A € L', and denote by A,, the mapping f > A*/ 
of L” into itself; here A * f is the resultant? of A and f. It is easily seen 
that A,,, = T,,,, where a is the sequence of Fourier coefficients ®A of A. 
Accordingly, the point-spectrum of A,,, is the range of ®A, and the 


’ 
a,p? 


spectrum of any such convolution operator has therefore an accumulation 
point at the origin. Suppose that A is restricted to the space of absolutely 
continuous functions with period 27; then @4A is in #,. Consequently, 
(i)—-(ii) hold, and o(Ax,,) w(@A). 

| This is the dual of a previous result (6), which concerns the mapping 
Ay,:¢€ > axe of the sequence space /,, into itself; if a = ®A, then 


p 


o(ay,) = w(A).| 

Next, integral operators of another kind are exemplified by the trans- 
formation 7’ which maps any function f of L” onto the function g defined 
by n 
27g(8) = principal value of [ f(A) cot 4(0—A) dd. (1) 

— 

Let a be the sequence (—isgnm) (n € Q) [see § 7.2]. If (c,) (nm € Q) are 
the Fourier coefficients of f, it is known [(10) 490] that (a,,c,,) (n € Q) 
are the Fourier coefficients of g. Therefore T’ = 7), ,,; but a is a sequence 
Consequently, the assertions 
made in §1 yield immediately that o(7') = {—i,0,7} is the point- 


of bounded variation, and hence a € &,. 


spectrum of 7’, and that 1 < |7'|,,.. This procedure can apply to the 
more general operators 7' studied by Calderén and Zygmund since to 


each such 7’ corresponds a sequence a with 7’ = T,,,, [see (1) 259]. 


3. Preliminaries 
The following three sets are given and will remain fixed until § 7: 
(a) a compact interval [a, 8] © (—9, 20), 

(b) a subset Q of {0,+1,+2,+3 


’ 
-3,...}, 
€ Q} ¢ L*[a,B]| of functions complete 


(c) an orthonormal set {®,: 
in each of the spaces L’|«, 8] (1 <r < o). 
The letter p will consistently denote a number satisfying 1'< p < oo. 


As usual, L*[a,8| consists of essentially-bounded summable functions; 
we shall write L? = L”|«,8]|. Ifxe L', then ®z will denote the sequence 
(| Da],,) (n € Q) defined by 


B 
[oz], = —- | 5,@) d@ (neQ). 
4 (27) 


+ Or ‘convolution’; see § 8. t The orthonormality is on [a, f]. 
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(he hypotheses imply that [®@,, |, = (27)-!5" (the Kronecker delta)+ 
ind also that 2 -> x is a one-to-one mapping of L” onto 


O(L”) = {Ox: xe L*. 


3.1. Notation. A mapping z— y defined for all z in a set Z will be 

written {z « Z — y}: thus, for a function f defined on Z, we have 
f = {ee Z—>f(2). 

or example, (f(a,)) me Q) = {ne Q+f(a,)}. 

3.2. Drrritions. If a (a,) (we Q) and b = (b,) (we Q), then 
aob= (a,b,) (ne Q). The set .o%, of all sequences of type (L”, L”) 
onsists of sequences a such that ao (®z) is in ®(L”) for all x in L?. 
lfae%, and xe L”, then T,,,x denotes the unique y in L” such that 


ap 
10 (Dx Oy. Iface VY, then T. denotes the mapping 
s Dp 5 


ayp 
ize L? > T, ,,z}- 
3.3. Remarks. Suppose that a ¢ <. From the definition it follows 
that 
d) ifxe L’, thenao(@x) = O(T,,,x) and T, ,x € L”. 


lhe range of a is the set {a,,: n € Q}; it is easily checked that 


(e) the point-spectrum of 7, ,, is the range of a. 


3.4. THEorREM. The set J, forms a commutative algebra, and_ the 
is an isomorphism into the space ©, of all 


mapping {ac %,—>T,,} 
bounded linear transformations of L” into itself. 

Proof. Suppose thata € .%,. The fact that T,,,, € €, is known [(5) 222}. 
lhe only essential point in the remainder of this proof is to show that 
I 2 = 0 (xe L*) implies a = 0; supposing that ne Q and x = ®,, 
we then have ap (9®,) = (7, ,, x) = 0, whence 

a,,| O®,, 4 (277)~*a,, 0 
nd a, 0, 


4. On algebras of bounded sequences 
Let @ denote the commutative algebra of all bounded sequences 
multiplication being defined as in § 3.2); note that the multiplicative 
unit of Z is the sequence 7° = (1) (ne Q). Ifa e FZ, then ais a sequence 
1) (n € Q), and we write 
\|a\|. = sup{ia, |: » € Q}, 


while «w(a) denotes the closure of the range of a [see § 3.3]. 


+ The raison d’étre for the factor (27r)~? will not appear until § 7. 





G. L. KRABBE 
4.1. Derinitions. If < is a sub-algebra of Z, I shall write 2 < VW 
to indicate that # is a sub-algebra of ./ containing J°. If 2 < &, then 
A* is the set of all elements of # having inverses in %; if, also, a € Z, 
then o(a, Z) will denote the set of all complex A such that (Al°—a) ¢ &. 
4.2 THEorREM. We have %< 2. If R< SG and ANAC F, 


f 
thenaceE PA implies 
(ili) (a) o(T,, ,) a(a, A), 


°y . ah ily 
(1 ) ai\« lim Rast p . a 
you 


4.3. Remarks. As usual, 


ae sup{||Zp Zlp: |¢llp < 1}- 
Suppose that r is some number between p and p’ = p/(p—1); the Riesz 
convexity theoremt now implies that{ 

Tl < IZ 


arr a,p\ip* 


Suppose that a € A; it follows that 


SAP) — (Tapll, 
is a non-increasing function of p in the closed interval [1, 2] and is non- 
decreasing in [2,00]. This may render more striking the fact (i’) that 

lal\.. lim f,(p), 


pro 
regardless of the value of p in [1,0]. In view of the above, it is readily 
derived from certain results due to Orlicz§ that 

AU Ao A, = Ao A= ALK A, = ZB. (2) 
To ensure that “% = &%, it suffices to suppose that {M,:n € Q} is 
complete in L' and that the ®, are bounded functions. || 

It is clear that 0 ¢ w(a) if and only if there is an e > 0 with a, > 
for ne Q. If a~! = ((a,)-') (n € Q), then 
R* = {ce R:c1€ AB}, 


and we can paraphrase (iii) as follows: the inverse TZ} of T,,, exists if 
and only if 0 ¢ wa); if Tz} exists, then TZ} = T,-1,y- 


4.4. Proof of § 4.2. From § 4.3 and § 3.4 it is seen that J < 2. In 


order to establish (iii), we first prove that 
a(a)<o(T,,.) c o(a, BZ). (3) 


ap 
+ See (10) 481 and (13) 198. 
t For a careful derivation of this fact, see (4), Lemma 2.4. 
§ (5) 222-4. See also (4) 337 and (9) 22. 
See (5) 224-5; we thus relax the unnecessarily restrictive conditions of (4) 


and (9), loc. cit. 
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lo that effect, note that o(7,,,) includes the point-spectrum of 7, 


which, by § 3.3 (e), includes the range of a; the closed set o(7,,,) there- 
fore includes w(a). Suppose that A € o(7/, ,); the proof of (3) is completed 


by showing that A €¢ o(a,#). By way of contradiction, assume that 
c (Al®°—a) € #*. 
Then bo (Al®—a) [° 


for b c-1 in &, whence 


QaAl—T,,,) = 1 


ap 


for Q = T,,, in &,,, by § 3.4, and the contradiction A ¢ o(77,,,) now follows. 
Next, I shall show that o(a, #4) < w(a): this will establish (iii), in view 
of (3). Assume that A € o(a, #); if A¢ w(a), then |A—a,,| > « for all n 


and some e > 0. Note that 


c (Al®°—a) € &, c A—a,,| > e, 


a 
whence c-!e¢ BZ, and therefore ce 4*. But then ce 4N Z, which 
implies the contradiction c = (A/®°—a) € #* of our assumption 


Ac o(a, A). 


In order to prove (i’), set 
d| E sup{ A: Ae Ej, 


and note that 


a,p a,piip* 


a\|,, = dw(a)] = d[o(T,,,)] = lim|\(T,,,)"\I," < |Z, 


The second equality follows from (iii), and the third is well known 
(11) 414]. 


5. On Banach-algebras 

It will now be shown that, if a Banach algebra # satisfies the hypo- 
theses of § 4.2, then the property (ii) of § 1 holds, and the isomorphism 

- T,,,, is a continuous representation of #. We say that # is finer 
‘han B if the norm |\a\\,, of any a in Z never exceeds the norm |\a\| of a 
in &. If Dis a closed set, we say that a function is analytic on & when- 
ever it is defined and holomorphic on an open set containing &; note 
that, if ae Z, then the spectrum of a in & is the closed set o(a, Z). 


5.1. Lemma. Jf & is a Banach algebra with & < ZB, then B& is finer 
than B. If f is analytic on o(a, A), then (f(a,)) (ne Q) is in & when 
R. 


Proof. Suppose that n € Q. We first show that the mapping y,, defined 
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by {ae R-a,} belongs to the space #* of all homomorphisms onto 
the complex plane P. This results from 

ys, (a .e) b) [a ° b|,, b,,(a ys,,(5), A : pb, (Al) 


with Al®e & for all Ain P. Therefore y%,, € A>; since this implies that 


yp 1 [(7) 23A], we have thus also proved that 


vt 


(a) a,,| < |lall, 
so that Ais finer than Z. On the other hand, from y%,, ¢ A+ and (7) 23A, 
it follows that there exists a maximal ideal M of Z such that y,,(c) = é(M) 
for allc in A [(7) 23B]. Ifa ce &, we can infer from (7) 24D that there 
exists a member y = (y,) (n€Q) of # such that ¢(M) = f(a(M)); 
therefore ¥,(y) = f(¥,(a)), whence y, = f(a,). Since n is arbitrary, 
we can conclude that 


(f(a,)) (me Q) = ye®@. 


5.2, Lemma. If #2 A and if Z is a Banach space finer than Z, 


then the mapping fa € A > T..' is a bounded linear transformation. 
pprng aS , 


ay] 


Proof. Let h(a) ‘i It will suffice to show that h is closed since 


a,p* 


h is linear by § 3.4 and (3) 30. To that effect, suppose that 
ae ZB, cE, lim a!'—ce 0 (lo throughout), 
lim) h(a')—Q),, = 0. 

We complete the proof by establishing h(c) = Q. Set 2 € L? and note 
from § 3.3 that M(h(b)x) —bo(@x) (be #,). 
Since Z& is finer than Z, we have 

lim[a!’ o (Mx)|,, = [co (Mz)],,, 
so that, by (4), lim[ ®(h(a')x)],, = [ce o (@x)],,. 
On the other hand, our hypotheses imply that 

lim) h(a‘)xa—Qa\|,, = 9, 


which implies lim[ O(h(a')x)],, = [®(Qzx)],,; 


by comparing this with (5), we obtain c o (Ox) = O(Qx); but (4) then 
shows that @(h(c)) = ®(Qx), whence h(c)z = Qx and the conclusion 


h(c) Q. 
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5.3. THEOREM. Let 2 be a Banach algebra. If & < J, and 
RN Bc KR, 
then there exists a number k, (> 0) such that, for any a in &, 


(i) |\a!!, lim|\(7. "|e" < |\7" < k,|\a 


) 
a,p p : a,p\\p p ’ 


(ii) if f is an analytic function on the set w(a), then the sequence 
(f(a,,)) (vn € Q) is in B, 

(ili) o( 7), ,,) am(a) o(a, B). 

Proof. Since % < B, then & < Z, and (i), (ii), (iii) follow from 


§ 4.2, § 5.1, and § 5.2. 


6. A special Banach algebra 

In the case p 2, it is seen from § 5.3 that (i), (ii), (iii) are satisfied 
for any a in # when & = WW, since W, is the Banach algebra @ [see 
$ 4.3]. We now lay the groundwork for a sub-algebra of .%, such that 
i), (ii), (iti) hold for any p in (1,0). 

6.1. Derrsitions. Let s be a sequence (s,) (« € Q) of finitet subsets 
of Q; then #&, will denote the set {fa ¢ Z: V,(a) < 0}, where 


V(a) = sup > |[Aa],|, [Aa], =a 


t>0 nes, 


n—4n41- 


6.2. THEOREM. The norm |\a +-Vi(a) makes &, into a Banach 
algebra, and B, < BZ. 


Proof. To show the completeness of #,, suppose that 
a" € &., lim|ja"—a™ 0 (n,m -— oo). 
We then have a" eB, lim|ja"”—a™||,, = 0, 
and there exists some 6 in Z with lim||a”"—b)|,, = 0 since Z is complete 
under the norm |ja\|,,. On the other hand, for any e (> 0) and all m, n 
sufficiently large, we have 
Vi(a"—a™) < 
etting m — oo, we obtain 
Viia"—b) < «, 


since lim(a”), = 6,, and therefore lim V,(a"--b) = 0 for n > 00, whence 
the completeness of Z,. The remaining conclusions are mostly trivial, 
ind I shall merely show that 

lIc|| < |la|| |||), 


+ In other words, s, is a finite subset of Q when ce Q. 
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where ¢ aob. Since 


it suffices to establish that 
Vi(c) < \\b\\. Vila) + |). Wi(b) + V(a)V,(6). 
But this follows directly from the easily verifiable relation 
[Ac], = 6,[Aa],,+a,,,,[ Ad],,. 

6.3. Lemma. [fs is so chosen that 2, < %,, then the properties (i), (ii), 
(iii) are satisfied for anya in &# = &,. 

Proof. By § 5.3 and § 6.2, it will suffice to establish that 

RO Bt Ri, 
Suppose ae # and b = a-'e Z, i.e. a € B [see § 4.3]; therefore 
[Ab], < (\\b\\.)? [Aa],,|, 

so that b € & and consequently a € #?. 
7. The o-variation of a sequence 


A theorem of Marcinkiewicz will now enable us to define a sequence o 
such that the hypothesis of § 6.3 is verified for #, (this is our main 


objective). The initial statements of § 3 will now be specialized; we 
restrict ourselves henceforth to the case ®, (0) = (27)-!e'”®, where 


6€[a,B] = [—z,z], neQ = {0,+1, +2, +3.,...}. 


From our definition of ®z it now follows that 


7 
a 


[Dz], soe = 
=7T a 


e-'"97(0)d0 (ne Q). 


I shall use the notation 


l vwEQ: 2%cvc Qt; 


the letter o will denote the sequence (¢,) (« € Q) defined by 


o, :ne +) or —n—leE ()}. 


In accordance with § 6.1, 4, is the set of all a in Z such that 
Vi(a) = sup{Bp,: + > 0} < a, 
where 


B, > [|Aa},,| F D3 Xyp> [Aa], + [Aa]_,_,|. (7) 
neq, rect 


I call V,(a) the o-variation of a. 
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AND RINGS 
7.1. Lema. Jf a,, 


o(\n|-"), then ae B,. 


Proof. Since our hypothesis states that lim|na,| = 0 when |n| > 2%, 
there is a number N > 0 such that |n||a,| < 1 when |n| > N. If 
vy > N, then a, < 4v-!. Accordingly, ifm > p > N, then 


m - 


- y r y m 
4( pu 1 3 v 1) ~d a(n a ra) a0) a(n -l_log ") 
v= +] . 
7 ‘ Be 
e > minf{c > 0: 2! > N}, 
we can therefore infer from (7) that 
B, < 4(N-!+ log 2‘+!—log 2') =: 4(N-1+ log 2). 
Thus £, is bounded for all sufficiently large c, and consequently V,(a) < 
We conclude by noting that a € Z. 

7.2. Derryitions. Let 4+ be the set of all bounded sequences u such 
that u 0 forn <0. If we A, then Pu) will denote the sequence 
(su) (n€ Q). The sequénce j = (—isgnn) (n € Q) satisfies 

Jo = %, ) 


ju = Fv >). 


Remark. If 1 <p < © and ce &, then joce & [(10) 464]; 
this statement may become more familiar by observing that, if ¥ c,, e” 


is the Fourier series of some function f in L?, then the ‘conjugate series’ 
Yj, ¢, ei” is the Fourier series of the function g defined in § 2, (1). 


oO. 


7.3. 


7.4. Lemma. If 1 << p<, we B, and V,(u) < , then Tu) € %,. 
Proof. From the hypotheses it follows that |\a||,, << oo and 


—1+2¢t1 


Y  la—wyyy) <V(u) ( > 9). 
v=2t 


Suppose that « ¢ L? and a = ®x; from a theorem of Marcinkiewicz,t 
we have 


2T'(u) o (Ma) € O(L?), 
which implies that 2P'(u) € .%,. 


7.5. THEoreM. If 1 < p< 0, then &, < &,, and the properties (i), 
(ii), (ili) are satisfied for anya in 2 = B,. 


Proof. Suppose that ae &,, and let u and v be the members of 4+ 
defined by v, = a,+a_, and w, = i(a,—a_,). It is easily seen that 
a = I(v)+j oT (w). 
The proof will be accomplished by showing that 
(f) when u 


(8) 


v or when u = w, then V(u) < 0 and |\u\|,, < %, 


+ See (8). A rew intermediary steps can be omitted by consulting (12) 43. 
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since § 7.4 then yields ['(v) € 4 and c = ['(w) € %,; from § 7.3 we see 


that j oc = j o Iw) also belongs to .,, and (8) now shows that a € %,; 


having thus found that #, ¢ J, we conclude the proof by referring 
to § 6.3. To establish (f), note first that, in either case, 
u, = A(a,+pa_,) 
with |A 1, so that 
wl. < Zila, < «x 
and = [Au], A({Aa],—p[ Aa]_,-,)| < [Aa],|+ [Aa]_,-, 
i 


from (7) the conclusion now follows that 


Vi(u) < Vila) < a@. 


8. The main results 
The set of all sequences of bounded variation [(5) 230| is simply #,, 
when u = (u,) («€ Q), u, = {ve Q: |v} <o.t Clearly, #, < #,, and 


|) i 


§ 7.5 now implies that #, < &%; a reference to § 6.2 and § 6.3 shows 
that the properties (i), (ii), (iii) are satisfied in the case | < p < 00 and 


ac &, when & = Z&,or k= &4,.t 


u 


Ss s é 
uppose that ie dD L{—z, a], re L, 


and let f and g be periodic functions equivalent to A and x respectively. 
We can then define A * x as the function z such that 


7 


oe. [ se A)g(A) dA (—7 <O0< 7). 


S.. 
> * 
— 7 


It is well known |(2) 23] that 

(DA) o (Mx) Dy, Axx=ye lL, 
Consequently (DA) o (Mx) € O(L') 
for all x in L', and @A € A. In view of § 4.3, this implies that 


a OAc A 


by, 


and OD) A=A,c A 


, 


A SB. 


If x e L”, it can be inferred from (9) that 
ao(@Mx) = O(A * 2), 
+ See also § 6.1 and footnote f{ of p. 1. 
t Some of the results which concern the Banach algebra #,, are mentioned in 


(10) 491 and (5) 230; it may be of interest to note that #, is a separable sub- 
space of the Banach algebra &,. 
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and from § 3.3 (d) that 
O(A xx) = O(T,, 2), 


a,p* 


so that Axa = Tx. Accordingly, if a = OA, then 


a,p 


Si» . Sm 
A,, = {ve L?>Axz}=T,,, 


and A,,, is a bounded linear operator with point-spectrum {a,:  € Q}. 
[f A is restricted to the set (AC) of all absolutely continuous functions 
periodic on [ —z,7], then [MA], = 0(|n|-*) [see (2) 23], so that 


(DA) e Z&,, 


in view of § 7.1. In the preceding paragraph we saw that A,,, = T,,, 
when a = 4A; it can now be inferred from § 7.5 and (@A) € &, that 


If Ae (AC), the point-spectrum of A,,, is the range {[@MA],,: n € Q} of 
DA, and the spectrum of A,,, is the closure of its point-spectrum; moreover, 


forany p with 1 <p < @, 


° »1/v - | | 
MA)|,, = lim|\(A,,,)” % A gyllp < IAlh- 
yo 


The last inequality is an easy consequence of Hélder’s. There is no 
need to restrict A to (AC) in order to ensure the above properties for 
p = 2, since we then have A € &%, [see § 6]. 


8.1. Remark. It is easily verified that the set 2 = % = &, forms 
a Banach algebra under the norm |\a\| = ||7, ||}. Fom § 5.1 it therefore 
follows that (f(a,)) (v7 € Q) is in 2 when ae R and provided that f is 
analytic on o(a,#); this is a slight improvement of a result mentioned 
by Hille [(4) 17.2.3], which requires that f be analytic on the set 
fA: Al < |\a\|},> o(a,#) [see (11) 406]. 
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ON Q-KERNELS WITH OPERATORS 
By ANNE P. COBBE (Ozford) and R, L. TAYLOR (New York) 
[Received 24 July 1956] 


1. Introduction 


Let the multiplicative group P operate (on the left) as a group of auto- 


morphisms of the additive abelian group G. 


A (left) distributive space over (P,G) is a set D, together with a left 
multiplicative operation of P on D and a left additive simply transitive 
operation of G on D, such that 

p(g+d) = pg+pd (1.1) 
for allpe P,geG,deD. 

In § 2 we show that the set of all isomorphism-classes of non-empty 
distributive spaces, over a fixed pair (P, G), can be made into a group 
which is isomorphic in a natural way to the cohomology group H'(P, @). 
The ‘zero’ distributive space is exemplified by taking D = G, with G 
acting on itself by left translation, and P acting on G as given. An 
arbitrary distributive space over (P,G@) is isomorphic to the ‘zero’ one 
if and only if it contains a point which is fixed under all elements of P. 

Now let Q@ and K be arbitrary groups, which we shall write additively 
throughout Part I, although neither is assumed to be abelian. Let 
A(K) and J(K) denote, respectively, the group of all automorphisms of 
K and the group of all inner automorphisms of K; let O(4) A(K)/I(K). 
Let 0: Q@—> O(K) be a Q-kernel (5). Two extensions FE and EL’ of the 
(-kernel are called isomorphic (or equivalent) if there exists an iso- 
morphism of the group EF onto the group E’ which induces the identity 
maps of K and Q on themselves. It is sometimes necessary to consider 
the broader equivalence relation which results when the isomorphism 
of E onto E’ is allowed to induce non-trivial automorphisms of Q 
and/or Kk. 

Suppose P to be a multiplicative group which acts as a group of auto- 
morphisms on both QY and K, in a manner compatible with 6: @ > O(K). 
There results an operation (§ 3) of P on the set of all extensions of the 
(-kernel, and indeed on the set EXT of all isomorphism-classes of 
extensions. The broader classification of extensions suggested above can 
be subsumed under the problem: classify the orbits in EXT under the 
operation of an arbitrary group P. 


Quart. J. Math. Oxford (2), 8 (1957), 13-38. 
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The operations of P on Q and K induce a natural operation of P on 
the cohomology groups H"(Q, Z-), where Z, denotes the centre of K. 
It was incorrectly asserted in (2) that (at least when the operation of P 
on K is trivial) the orbits in EX 7 under P can be put into one-to-one 
correspondence with the orbits in H*(Q, Z ,-) under P. A counter-example 
is given in Part III of the present paper. 

The proper formulation of the classification (5) of XT in terms of 
H*(Q,Z,) is that the latter operates in a natural way as a simply 
transitive permutation group on the former. In § 3 we show that EX7' 
is actually a distributive space over the pair [P, H7(Q,Z,)]. By § 2, 
the structure of this distributive space is completely determined by the 
corresponding element of H'| P, H*(Q, Z,-)|. This element is called the 
deviation of (6, P): it is the ‘obstruction’ to the existence of an extension 
of the Q-kernel which is transformed to an isomorphic extension by 
every element of P. If we take P to be the group of all 

(Po. PK) € A(Q) x A(K) 
which satisfy (3.10), the deviation may be regarded as a new invariant 
of the Q-kernel 6: Q@ > O(K); it is defined only when the Eilenberg— 
MacLane invariant (5) vanishes, so that the distributive space EXT is 
non-empty. 

In Part II we indicate relationships between the deviation of (@, P) 
and a number of other invariants, old and new, some of which are defined 
whether EXT is empty or not. The main result of Part IL (Theorem 5) 
asserts that an element of a group of the form H}{P, H?(Q, G)] may be 
‘realized’ as the deviation of an extendible (0, P), with G = Z, and P 
acting trivially on A, if and only if the element lies in the image of a 
certain natural homomorphism 

y: H3(Q, G) > HP, H2(Q, @)). (1.2) 
Here, H3(Q, @) is the kernel of the homomorphism H*(Q, G) > H3(Q, G) 
induced by the natural homomorphism of QY onto @ = Q/Qy: Qo is the 
subgroup of Q generated by all elements of the form pqg—q. The example 
mentioned above, in which none of the new invariants vanishes, is 
obtained in Part III by explicitly computing the homomorphism (1.2) for 
all cyclic groups P and Q. 

In general we shall follow the notations of §§ 4 and 5 of (6). In par- 
ticular, v: A(K) + O(K) and cx: K + /1(K) will denote the natural 
homomorphisms, the latter being defined by (c, k)k’ = k+k'—k; 
mappings will be multiplied by composition, added by addition or 


multiplication of values; cochains with non-abelian coefficients are 
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allowed, but are always assumed normalized. If fe C™[P,C"(Q, K)], 
then, as in (8), we shall sometimes write f(p,,..., Pins Q1>-++s Un) for 


Part | 
2. Classification of distributive spaces 
Let P and G@ be as at the beginning of §1. If G operates simply 
transitively on D, and d and d’ are elements of D, then d—d’ will denote 


that element g of Gsuchthatg+d’=d. 
Given a distributive space D over (P,@), define A: D > C'(P, G) by 


(Ad)(p) = pd—d. (2.1) 
One verifies easily that A(D) c Z1(P, G), and that 

A(g+d) = g+Ad 
for all ge G and de D, where, on the right-hand side, g is regarded as 
in element of C°(P,G). It follows that, if D is non-empty, A(D) consists 
of exactly one entire cohomology class of 1-cocycles. This element of 
H4(P,G) is called the deviation of D. 

[2.3] The deviation of a non-empty distributive space D vanishes if and 
mly if D contains a point which is left fixed by every element of P. 

Proof. Since A(D) is an entire cohomology class, the deviation vanishes 
if and only if there exists d ¢ D such that Ad = 0. 

2.4] Let D be a set on which G acts additively and simply transitively, 
md let : D> Z\(P,G) be any map satisfying (2.2). Then there exists 
ne and only one operation of P on D, as a permutation group, satisfying 
1.1) and (2.1). 

Proof. Take (2.1), in the form pd = (Ad)(p)-+-d, as the definition of pd. 
Chen (1.1) follows from (2.2). Hence, using AD = 0, we have 

p(p'd) = pi(rd)p'+d] = pl(Ad)p’]+ pd = pl (Ad)p’} + (Ad)(p)+d 
(Ad)(pp’)+-d = (pp’)d. 
Finally, 1.d = d because Ad is a normalized cochain. 

Two non-empty distributive spaces D and D’ over (P, @) will be called 

somorphic if there exists a map W: D — D’ such that 

W(g+d) = g+-Wd, W (pd) = p(Wd) (2.5) 
rallgeG@,deD, peP. Because of the simple transitivity of G on 
oth D and D’, such a map is automatically one-to-one onto; its inverse 


s another isomorphism. 
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THEOREM |. The function which assigns to each non-empty distributiv: 
space its deviation induces a one-to-one correspondence between the set of all 
isomorphism-classes of non-empty left distributive spaces and the group 


H'(P,G). 

Proof. Obviously two isomorphic distributive spaces have the same 
deviation. Conversely, suppose the distributive spaces D and D’ have 
the same deviation. Then we can choose d, €¢ D and dj ¢ D’ such that 
Ad, = A‘dg: that is, such that 

pd,—d, = pdy—dy 


for all pe P. It is now easily verified that the map W: D— D’ defined 
by W(d) = (d—d,)+d, satisfies (2.5). 

Givenanyh € H'(P, G), choose f € Z1(P, G) such that f+ BYP, G) = h. 
Choose a set D and a one-to-one correspondence 7': G+ D. Let G 
operate on D by g+d = Tig+T-): 
define A: D + Z'(P, @) by A(d) = 6T-—"d+f. Then 
Ag+d) = 6T-(g+d)+f = 8(g+Td)+f = 9+6Td+f = g+Ad, 


verifying (2.2). Therefore, by [2.4], there exists an operation of P on D 
such that D becomes a distributive space whose deviation is 


AD) = ALT(0)|+ BYP, @) = f+ BYP, @) = h. 


Because of the naturality of Theorem 1, the group structure of H'( P, @) 
can be transplanted to the set of all isomorphism-classes of non-empty 
distributive spaces, which is then called, by abuse of language, ‘the group 
of distributive spaces’. If the distributive spaces D and D’ are identical 
as sets, and G operates in the same way on both, there still appears to 
be no way of defining the ‘sum’ D+ D’ without choosing an arbitrary 
base point; distinct base points yield distinct (though isomorphic) dis 
tributive spaces as the ‘sum’. 

It can be seen that the group of all automorphisms [in the sense of (2.5) 
of any fixed non-empty distributive space is naturally isomorphic to 


H(P,@). 


3. The distributive space of extensions 
Let 6: Q > O(K) be a Q-kernel. As indicated in $1, we shall call two 


extensions 


0+>K+E4Q-0, (3.1 


o> K*%E' SQ >0 (3.2 
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of 6: @ > O(K) similar if there exist a homomorphism W: E — EF’, and 
automorphisms « and f of K and Q respectively, such that the diagram 

O> K . 4 BE 4 Y > 
x Ww |B (3.3) 
Y oe Y oe 
0+K+>E'*Q->0 
is commutative; such a W is automatically an isomorphism of EF onto EL’. 
Given an exact sequence (3.1), C,: E > A(K) will denote the homo- 
morphism defined by . 
"ek = o\(e+ok—e). (3.4) 
Then we recall that the exact sequence (3.1) is an extension of 
6: Q > O(K) 
if and only if @p = vO,. If (3.1) and (3.2) are such extensions, and (3.3) is 
commutative, one verifies easily, for each e € E, that 
Cy We = a(C,e)a-!. (3.5) 
[3.6] If (3.3) is a similarity between two extensions of 0: Q—> O(K), then 
for each q « Y, 
f OB(q) = v(a)+0(q)—v(«). 
Proof. Choose e € E such that pe = q. Then 
6B(q) OB pe Op’ We v0, We vfa(C, e)a-*] 
v(x)+v0,(e)—v(a) = v(x) +Ope—v(a) = v(x) +6(q)—v(a). 
Now let P be a multiplicative group which acts multiplicatively as a 
group of automorphisms on K and also on Y. For each pe P, px and 
Po Will denote the resulting automorphisms of K and Q respectively. 
If p< P and the sequence (3.1) is exact, then so is 


i+ — > 8 634. (3.7) 
Let us denote (3.1) by (¢, £,p), and (3.7) by p(o, #,p). Thus, by 
lefinition, p(c, E, p) (opx', E, pg p). (3.8) 
[3.9] If 0: Q@ + O(K) is extendible, then the following are equivalent: 
(a) there exists an extension e of 0: Q > O(K) such that for every pe P, 
pe isan extension of 0: Q > O(K); (b) for every extension e of 0: Q > O(K) 
and every p< P, pe is an extension of 0: Q—>O(K); (c) for every pe P 
and every qé Q, 


4(p9) V(P x)4+-9(q)—v( px). (3.10) 
1695 2.8 Cc 
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Proof. Suppose (c) true; given pe P and an extension (gc, EL, p) of 
6: Q@ + O(K). Then (px, 1, pg) is a similarity from (c, EZ, p) to p(o, E, p). 
Hence, by (3.5), 


’ 


ul opie) uipx(C,e)pR*) V( Px) +vC,e—v(pxK) 

= (px) +Ope—v(p x) = Opg ple). 
Therefore (opg', E, pg p)is an extension of 6: Q > O(K). Thus (c) implies 
(b). By [3.6], (a) implies (c). 

We assume henceforth that (3.10) holds for all p ¢ P and all ge Q. 
Then, by [3.9], (3.8) defines a left operation of P on the set of all exten- 
sions of 6: Q@ > O(K). 

One verifies easily 

[3.11] If pe P, and the extensions e and e' of 0: Q > O(K) are iso- 
morphic, then pe is isomorphic to pe’. 

Hence 

[3.12] The formula (3.8) induces a left operation of P on the set EXT 
of all isomorphism-classes of extensions of 0: Q > O(K). 

6: Q@ + O(K) induces an operation of Q on Z x, via the natural homo- 
morphism »: O(K) > A(Z,x). Since we are writing both Q and Z, 
additively, we shall also write this operation additively. Thus, for 
each qe Q and ze Zx, 

q+2z (74q)(z). (3.13) 

From (3.10) it now follows that 

PK({+2) = PeIt+PrK? (3.14) 
for each pe P, ge Q, and ze Zx. 

Given peé P and fe C"(Q, K), define pf ¢ C"(Q, K) by 

(PS )(Qas-+» In) = PIS(PQ* I++ PQ*In)]- (3.15) 

Using (3.14), we obtain 

5(pf) = psf) (3.16) 
for pe P and fe C"(Q, Z,). Hence (3.15) induces an operation of P 
on the cohomology groups H"(Q, Z x). 

By (5), as formulated in (6), H*(Q, Z,) operates simply transitively 
on EXT. 

THEOREM 2. EXT' forms a distributive space over the pair 


[P, H#(Q, Zx)]. 
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Proof. We shall adhere to the terminology and viewpoint of §§ 4, 5 
{ (6). We define an operation of P on the group C"(Q, A(K)] by 


(pf )(das-+5 In) = Pel (PQ* d-+- PQ’ In) IPR’: (3.17) 
Given pe P, and a structural cochain (f,t) in 6: @ > O(K), we define 
Pf, t) = (pf, pt), (3.18) 


where the right-hand side is defined by (3.15) and (3.17). Then p(/,t) 
is a structural cochain in 6: Q > O(K); moreover, for each h € C1(Q, K), 
Sip(f.8)) = pdf), = Pe-f) = (ph) - (rf), (3.19) 
p(exh) = Cx(ph). 
it follows that (3.18) induces operations of P on the set Z2(Q, K,@) of 
ill structural cocycles and the set H?(Q, K,@) of all equivalence classes 
of structural cocycles. If (f,#) is a structural cocycle, and g € Z7(Q, Z x), 
then referring to formula (5.11) in (6), we have 
pPlg+(f.t)) = pg+f.0-= (eg+f), pt] = (pg+ pf, pt) 
pg + (pf, pt) = pg+plf,t). 
Consequently (1.1) holds for p € P, g € H®(Q, Zx), and d ec H*(Q, K,@); 
i.e. H?(Q, K,@) is a distributive space over the pair [P, H?(Q, Zx)]. 
The operation of H7(Q,Z,) on EXT is defined by combining the 
operation on H?(Q, K,@) with the natural one-to-one correspondence 
H2(Q, K,0)<—> EXT. (3.20) 
Therefore, in order to complete the proof of Theorem 2, it remains only 
to establish 
3.21] The operation of P on H*(Q, K, 0) induced by (3.18) corresponds, 
ia (3.20), to the operation of P on EXT induced by (3.8). That is, if the 
tructural cocycle ( f,t) represents the extension (a, E, p), then the structural 
cycle p(f,t) represents the extension p(o, E, p). 
Proof of [3.21]. Choose d € C1(Q, E) such that pd = 1 and 
(f, t) (o-!devd,C,d). 
(Pe p)d’ - 
(opx*) (dev d’)(9,q') = px a "[dev(dpg')(q, 7’) ] 
Pxl(o-'devd)(pg*q, pa*a')] 
- Pel f(pe'd pe'Y')) = (Pf)(a.9’), 
Covet 4 (9) = (Cop=)(dpg' 4) = PxlC(dpg*q)\ px’ 
Prit(pg*@)|pR* = (pty(q)- 
herefore (pf, pt) represents (opx', E, py p). 


Let d’ = dpg'. Then 
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In later sections, the given system, consisting of 6: Q > O(K) and P 
operating on K and Q, satisfying (3.10), will sometimes be denoted by 
(0, P). The deviation of the distributive space EXT will also be called 
the deviation of (@, P), and will be denoted y, ¢ H'[P, H*(Q, Z,)]. 


4. Augmented structural cochains 
If (f,t) is a structural cocycle in 6: @ > O(K), and pe P, we cannot 
directly ‘subtract’ (f,t) from p(f,t) in order to obtain the deviation 
unless pt = t. In this section we establish a systematic convention for 
replacing (f,t) by an equivalent structural cocycle whose second co- 
ordinate is pt. 
An augmented structural cochain in (6, P) is a triple (f,t, w), where (f, t) 
is a structural cochain in 6: Q > O(K), we CP, CQ, K)], andt 
Cx[w(p)| = pt—t, for each pe P. (4.1) 
If, in addition, 5,f = 0, we call (f,t,w) an augmented structural cocycle. 
It follows from (3.10) that, if (f,t) is a structural cochain and pe P, 
then vt = v(pt). Hence every structural cochain can be augmented. 
(0, P) admits an augmented structural cocycle if and only if the Q-kernel 
is extendible. 
For each augmented structural cochain (/,t, w), define 
[d,(f,t,w)|(p) = pf—(wp),.f, for each pe P. 
Then it is easily verified that 
d,(f,t,w) € CLP, C?(Q, Zx)], 
and that 8({d,(f,t, w) |p) = pd(f,t)—d(f, t) 
for each pe P. Hence 
d(f,t,w) € OP, 2(Q, Z x) 
if (f,t,w) is an augmented structural cocycle. Let 
WwW: 2*(Q, Zx) a H*(Q, ZK) 
denote the natural homomorphism. 
[4.4] Jf (f,t,w) is an augmented structural cocycle in (6, P), then 
wd,(f,t,w) € AP, H*(Q,Z«%)]; and this cocycle represents the deviation 
of (0, P). 


We omit the proof. 


+ In the right-hand side of (4.1), we write C)[Q, A(K)] additively, and use 
(3.17). Thus (4.1) means 


Celw(p.9)) = PRlt(pg'@) lp (tq). 
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Part II 
5. Some cohomology groups and homomorphisms 
In this section we assume that Q is an additive group (not necessarily 
belian) operating additively as a group of automorphisms on the 
dditive abelian group G and that P is a multiplicative group operating 
multiplicatively as a group of automorphisms on both @ and G so as 


soa PalI+9) = Pot Pad (5.1) 
for all pe P, ge Q, and ge G. In the applications, G will be Z, 
f. (3.14)]. 


Let A™” om P,C"(Q, G)|; let A denote the direct sum of all the 
groups A”” as m and n range through all non-negative integers. Let 
{" denote the direct sum of all the groups A‘/ for i+j = n. For each 

A, a'/ will denote the component of a lying in the group A‘; and 

will denote the sum of all the components a‘ for i+-7 = n. 

We define 5,.: A™" > A™+1 by the standard coboundary formula for 
left operators’ (3), using the left operation of P on C"(Q, @) defined by 
15). The standard coboundary operator 6: C"(Q, G@) > C"*+(Q, @) 
induces, by composition with mappings of P” into C"(Q, G), a homo- 
morphism of A”” into A™”"*!, which we shali denote by 6,. Then 

pdg = 5965p. Hence, except for conventions regarding signs, {A , 5p, 59} 
is a double complex in the sense of (1). As in (8), we define the ‘total 
coboundary operator’ D: A > A by 
D(a‘)) = dpeti+(—1)8gat. (5.2) 
Let Z"(A) = A” N D-\(0), B"(A) = D(A"-'), H"(A) = Z"(A)/B"(A). 

The statement (i,j) > (m,n) will mean that 7 > m and j > n; the 
same convention will apply with pairs replaced by n-tuples. Let F'”" 
denote the direct sum of all the groups A‘’ for (7,j) > (m,n). In par- 

ular, F°° — A and F™* = 0. If 

(0,0) < (a,b) < (c,d) < (2,0), 
}): A-»+ A induces a coboundary operator F%?/Fe¢ + Fe>/ Fed, with 
respect to which the groups Z"(F®/Fe¢), Bu( Fo) Fe¢), H( F4)/ Fe?) 

e defined as usual. 

Guided by (8), we define the ‘vector cohomology groups’ H?(P, Q; @) 

Hi P,Q; G) = H( F°"-*), (5.3) 
he definition of the coboundary operators 5, and 3, in (8) appears 
ferent. But define 6: A™" + A™" by 


(Of ip, iat Pm 1 yoree Gn) SY rey Pus Geen Heh. (5.4) 
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where 4; = (P,---Pm)e(q;)- Then ¢: AA is an isomorphism of the 


double complex defined above onto the double complex used in (8). 


Under this isomorphism, our definitions of the ‘vector cohomology 
groups’ and the ‘Whitehead obstruction’ (§ 6) correspond to those 


given in (8). 
An octet (a,b,...,h) of non-negative integers or 00 will be called 
admissible if 


(c,d) > (a,b) > (ef), (ed) > (g,h) > (ef). 


lis case, the inclusions F@” c F¢t and F°?¢ c F%" induce a homo- 
In tl th acl Fab c Fes 1 Fed c Fah 1 i 


morphism H"( Feb) Ret) + Hn( Fes) Roh), (5.5) 

whose image we shall denote by 
abcd , 

n J 5.6 

ren aii 

, . . On—k wax — 

In particular, Hz(P,@;G) = L" . “tae (5.7) 

n—k wo 


Suppose that (a,b,...,h) and (a’,b’,...,h’) are admissible octets, and 
that (a,b,...,h) > (a’,b’,...,h'). Then the inclusions F’/c F’s° and 
Fo! c FY” induce a homomorphism 


, } Ld mf / 
L(4 b cd i . y r . * (5.8) 
ef gh ef'g h 
whose image is L"{® dca 
™ ag . - e’ 7 g’ h’ ° 
[5.9] Let (a,b,...,h) and (a’,b’,...,h’) be admissible octets, with 

(a,b,...,h) > (a’,b’,...,h’). 

Suppose that e=e', (c,d) > (v,w) > g,h), 


and min(b,w,n—g') > u > f >h’. Then the kernel of (5.8) is 


in(@ b cd a inl9 “ vw) 
ef gh efgh 
(We omit the proof.) 
Our next immediate objective is the set of formulae (5.12)—(5.18). 


la hl . . *y: . 
[hese express various familiar cohomology groups in terms of the 


; abcd . ‘ 
notation L( ) so that homomorphisms connecting them may 


ef gh 


be defined as appropriate instances of (5.8). 
We note first that the two spectral sequences associated with the 





phos 





cas, Pad Se 
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double complex A in the manner of [(1) 330-1] can be obtained by 


defining 


0 p+r0 
[pa — Lpra P Pr 5.10 
: Y cxege ca F S58) 
[1a — Lpra(? P elas * (5.11) 
0 p—r+10p+l 


On setting (p,qg,r) = (t,n—1t, 2) in (5.10), the formula 
IA) = Hy Hy(A) 
1) 331] becomes 


i 071+20 — - ; er 
aa Oint o) © HP HQ, @) (n > i). (5.12) 


The inclusion F4”~' c F*-1"-* induces an isomorphism 


grin } (5.13) 


H‘| P, VAL (Q, G)] ~ La / 
1—l n—21 C00 


The inclusion of the direct sum of all the groups A®” in A induces an 
isomorphism between the two (single) cochain complexes {C(Q, @); 89} 
ind { F°°/FL°: PD}. This yields isomorphisms 


0010 
H"(Q,G) = L" . 5.14 
(2,4) (; 01 0} — 


For the remainder of this section, the symbols C"(Q, @), Z"(Q, @), ete. 
will generally be abbreviated to C”, Z", etc. Let C” denote the group 
f all cochains f € C” such that for each pe P, pf = f. Such cochains 
will be called equivariant. [In a different notation, the cochain pf 
defined by (3.15) might be written p,fpg'; then the formula pf = f 
would be written pxf = fpg.] Define Z? = Z"N C?, B? = 89 C2-', 
Hq” — Z”/ Br, 

Let CO” denote the group of all fe C” such that for each p € P, 

pf—fe B". 

Define Be =—3,Cs-", He = 22/Be. 

et ,>H® and ,fl® denote the respective kernels of the natural homo- 
iorphisms H® > H” and A" + H". Then 


oH” = (BN C%)/BY, = An = (Bn C2)/ Be. 
Ve note also that 


H(P,C™) = 0%, HP, BY) = Ben, HP, Zn) = Zr. 
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The natural homomorphisms H"(F°") + H"(F%"-1) and 
H"(F®") ae H"( F°° F?,0) 


induce, respectively: 


On CO oO ee 
HH? os i* , (5.15) 
On—loc 
One@ ow 
An = Li ° ) (5.16) 
002 0 
Using [5.9], we obtain 
07 Died ln—lawa ve 
He =~ Lt” nL" (5.17) 
On—loc On—1 0c 
On® x Iln—loOe ss 
fe = L{ nL" (5.18) 
O02 0 00 2 0 
Setting i 1 in (5.13) and comparing with (5.17), we obtain a 
homomorphism pH” + HYP, Z"-), (5.19) 


with kernel zero. Similarly, comparing (5.12) with (5.18), and noting 


l 1c ool. rs 1030 : 

that Lx{” ” is a subgroup of L” , we obtain a homo- 
00 2 0 0020 

morphism of” > HP, H"-), (5.20) 


with kernel zero. 
On the other hand, the exact sequence 
if ry — 
0>+2Z°>C’S B10 (5.21) 
of operator homomorphisms (relative to P) induces, in the usual manner, 
an exact sequence 
> H*(P, Z") > H*(P, C’) > H*(P, Bt) ‘, Hk +t(P, Zr") >.... (5.22) 


Hence V induces a homomorphism 


H*(P, Br+*)/39 H*(P, C) > H*+(P, 2°), (5.23) 
with kernel zero. Setting k = 0 and r = n—1, we obtain 
yb: oH? > H(P, Z"-). (5.24) 
It can be verified that the kernel of the composition 
HP, BY) S HYP, Z") S HYP, HH") (5.25) 
is Bn; hence (5.25) induces 
gb: ,f” > HP, H"-). (5.26) 


It can be verified that the sum of the homomorphisms (5.19), (5.24) 
is zero; and the sum of the homomorphisms (5.20), (5.26) is zero. 


For the rest of this section we assume that the operation of P on G 
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s trivial. As in § 1, let Q) denote the subgroup (automatically normal) 
of Q generated by all elements of the form pg q—q; let Q = Q/Q,, and 
et 8: @ + @Q denote the natural homomorphism. Formula (5.1) now 
eads pg q+g = q+g; hence the operation of Q) on G is trivial; hence 
he operation of Q on G induces an operation of Q on G. If we let P 
operate trivially on Q, 8: Q > Q becomes an operator homomorphism 
relative to both P and G. B: Q— Q induces homomorphisms 

B*: H"(Q, G) > H2(Q, G), (5.27) 
which when composed with the natural homomorphisms 
H"(Q, G) + HQ, @), 
vield the usual homomorphisms H"(Q, @) > H"(Q,G). The kernel of 
the latter will be denoted H?(Q, @), as in § 1. The composition 
B* 7 Y 7 " ¥ - > 

Hi(Q, G) > ,2(Q, G) A HP, Z"-(Q, G)| + HP, H"-(Q, G)] (5.28) 
will be written as 
y: Hi(Q, G) > HP, H"-(Q, @))], (5.29) 


and will be studied in Part ITI. 


6. The Whitehead obstruction 

Let 6: @ + O(K) and P be as in $§ 3, 4. We shall use the notations 
of § 5, with G Z x: 

For each augmented structural cochain (/,t, w) (§ 4), define 

D(f,t,w) € A® 
by D(f.t,w) = dj(f,t,w)+d,(f,t, w)+d,(f. t, w), 
ibbreviated to d)+d,-+d,, where d, = 5,f ¢ A®*, d,¢ Al” is defined 
by (4.2), and d, € A®# is defined by 
d,(p, p’) = p(wp’)+ w(p)—w(pp’). (6.1) 

Let S denote the set of all augmented structural cochains in (6, P). 

[6.2] D(S) comprises all of a single coset of B®(F°") in Z3(F°). The 
somorphism & defined by (5.4) carries D(S) to the invariant defined in 
8) [pp. 225-6]. 


We omit the proof. 

D(S), regarded as an element of H*(F°) = H3(P,Q;Z,), will be 
ulled the Whitehead obstruction of (6, P) and written x,,-. The Eilenberg 
lacLane obstruction (5) of the Q-kernel 6: @ > O(K) will be denoted 
’ Xeyw € H3(Q, Z,-). Combining (5.7) and (5.14) with the appropriate 
stance of (5.8), we obtain a homomorphism H3(P, Q; Z,) > H3(Q, Zx), 
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which (in view of the above definition of dy) clearly carries yy to yyy. 
But, by (5.9), the kernel of this homomorphism is the subgroup 


lloc 
3 ~ 2c RP O- Z.). 6.< 
(0 1 oo) HEP: Ze) 
Hence the Q-kerriel is extendible if and only if yy € La $0 ’ 
0 1.00 a 


Combining (5.12) with the appropriate instance of (5.8), we obtain a 


homomorphism 
1(! 1 00 00 


010 7) a ee (6.4) 


\ 
Using [4.4], we obtain 


[6.5] Lf the Q-kernel 0: Q > O(K) is extendible, then the homomorphism 
(6.4) carries xy to x. 


teturn now to P, Y, G as in § 5; let D be a non-empty distributive 
space over |P, H?(Q,@)]. We say that D is the distributive space of a 
()-kernel if there exist a group K, an operation of P on K, and a homo- 
morphism @: Q — O(K), satisfying (3.10), and such that 


Zn =G, (6.6) 
the induced operation of P on Z x coincides with the given 
operation of P on G, (6.7) 
the induced operation of Q on Z x coincides with the given 
operation of Q on G, (6.8) 
the distributive space of extensions of 0: Q@ > O(K) is 
isomorphic to D. (6.9) 


THEOREM 3. A non-empty distributive space D over [P, H*(Q, G@)] ts 
the distributive space of a Q-kernel if and only if its deviation lies in the 
image of the homomorphism (6.4), with Zz replaced by G. 


Proof. The ‘only if’ part follows from [6.5]. Conversely, suppose 


that h « H'| P, H*(Q, G@)] is the image of 


c H3(P,@: 4). 
x 


By the penultimate paragraph of (8), there exist a group A, an operation 
of P on K, and a homomorphism 6: Q@ > O(K) satisfying (3.10) and 
(6.6)-(6.8), and such that y,, = g. Hence the Q-kernel is extendible; 
by [6.5], x,(@, P) = hk: whence (6.9) follows by Theorem 1 (§ 2). 
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7. The invariants }, x2, and x 

Let 6: Q > O(K) and P be as in §§ 3, 4, 6. For the rest of the paper, we 

issume that the operation of P on K is trivial: px k = k for all p € P and 
kK. In the present section, however, we do not assume that the 
()-kernel 6: Q > O(K) is extendible. 

Given any group X on which P operates (trivially or otherwise), the 
inalogue of (3.15) provides an operation of P on C"(Q,X). C"™(Q, X) 
will denote the group of all fe C"(Q, X) such that pf = f for all pe P. 

[7.1] If P operates trivially on the groups X and Y, and the homo- 
morphism a: X > Y is onto, then so is the induced homomorphism 

a: OM(Q, X) > C2(Q, Y). 

Proof. Choose de C\(Y,X) such that ad = 1. Then d induces a 
funetion d: O"(Q, Y) > C"(Q, X), still satisfying ad = 1; and, from the 
triviality of the operation of P on X and Y, we obtain 

don, Y)]c 0M(Q, X). 

Let 7' denote the set of all cochains ¢t € C1[Q, A(K)] such that vt = 0. 
Applying [7.1] to v: A(K) > O(K) and cx: K > I(K), we obtain 

[7.2] T is always non-empty. For each t € T, there exists f € C?(Q, K) 
such that c, f = devt. Ifte T and t' € T, then there exists h e C}(Q, K) 
such that t' = cx h+t. 

By Lemmas 5.15 and 5.16 of (6) we have 

[7.3] If 0: Q—+O(K) is extendible, then for every te T there exists 
fe 02(Q,K), not necessarily in C2(Q, K), such that (f,t) is a structural 
cocycle. 

A structural cochain (f,t) will be called invariant if fe C2(Q, K) and 

C1(Q, A(K)]. We note that (7.2) enables us to rewrite the proof of 
lheorem 7.1 of (5) [ef. Theorem 5.17 of (6)], using invariant cechains 
throughout; whence 

THEOREM 4. The set of all coboundaries of all invariant structural 
ochains in 0: Q > O(K) constitutes a coset of B3(Q,Z x) in Z3(Q, Zx). 

The resulting element of H3(Q, Z,-) will be denoted x5. Its image in 
13(Q, Z,-) will be denoted x}. 

We note, by (5.7), that 1) 7" *) is a subgroup of H3(P, Q; Zx). 

; 01caca 
Combining (5.15) and (5.16) with appropriate versions of (5.8), we 


»btain homomorphisms 


\ 


H3(Q, Z x) > B() 300 ~ > F3(Q, Z x). (7.4) 


O0Olwc 
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Any invariant structural cochain (f,t) can be made into an augmented 

structural cochain (§ 4) by setting w = 0€ C)7[P,C'(Q, K)]. It follows 

that the first part of (7.4) carries x, to xy; hence the second part of 

(7.4) carries yj to x;. In particular, we note that as a consequence of 

our assumption that the operation of P on K is trivial, yj, always lies 
0 3.0 a 

Ola } 

It follows from Lemma 5.19 of (6) that the vanishing of yg (i.e. the 
existence of an invariant structural cocycle) is equivalent to the existence 
of an extension (3.1) of 0: Q > O(K), together with a cochain d € C1(Q, E) 
such that pd = 1, and such that for each p € P, the mapping W,: E > E 
defined by 


in the subgroup La( 


W (ok-+-dq) = ok+-d(pq) (7.5) 
is an endomorphism of £. In this case, the function p -> W, is a homo- 
morphism of P into A(£), and (oc, E, p, W) is a P-extension in the sense 
of (8). Not all P-extensions, however, are of the kind just described. 
Recall the last part of § 5, with G = Z,. Formula (3.10) now reads 
A(pq) = (q); hence 6(Q,) is the trivial element of O(K). Therefore 
0: Q-> O(K) induces a Q-kernel 0: Q + O(K), whose Eilenberg-MacLane 
obstruction (5) will be denoted by 
x © H4(Q, Zx). (7.6) 
Clearly the homomorphism £*: H3(Q, Z) > H3(Q, Z x) carries X to yx». 
Suppose finally that the Q-kernel 6: @ + O(K) is extendible. This is 


equivalent to each of the following assumptions: 
x € H3(Q, Zx), xo € 9 3(Q, Zx), 
3(0 3.00 ow 3/1 1 co a 7 
-eD n Ls 1 € of3(Q, Zx). 
Xu sip eine | x1 © offe(Y, ZK) 
[7.7] If the operation of P on K is trivial, and the Q-kernel is extendible, 
th ¢ 4 ,, 9 % 
ai b: AQ, Zc) > HP, HQ, Z«)] 
carries x, to —x,, and 
y: H3(Q, Z,) > HP, HQ, Zx)] 
carries x to —x,. 
The proof, which we omit, is based on the fact that 
X > X2> Xw > x1 
0300 


% H3(Q, Z,-) > H3(Q,Z~ 3 
via (V0, Z«) > AXQ n> ce 


) - ARQ, Z x); 


together with Proposition [6.5] and the assertion following (5.26). 
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Since the kernel of ¢ is zero, it follows that under the hypotheses of 
7.7], the invariant x; is ‘equivalent’ to the invariant y,. We note that, 
while x, measures the non-invariance of an equivalence class of structural 
cocycles, x; measures the failure of invariant structural cochains to be 
structural cocycles. 

[7.8] Under the hypotheses of [7.7], if @ is a simple group, then x = 9, 
ind hence X1 V0. 

Proof. If Q, = 0, H3(Q,Z x) > H3(Q,Z,) is an isomorphism. If 
(i, = Q, then Q = 0. In either case, H3(Q, Z,) = 0. 

Recall the last part of § 6. 

THEOREM 5. Let P, Q, G be as in§ 5, with P operating trivially on G. 
Let D be a non-empty distributive space over [P,H*(Q,G)]. Then D is 
the distributive space of some Q-kernel 0: Q—>O(K), with P operating 
trivially on K, if and only if the deviation of D lies in the image of 

y: H3(Q, G) > HP, H°(Q, @)). 

Proof. The ‘only if’ part follows from [7.7]. Conversely, suppose the 
deviation of D is y(h), where h ¢ H3(Q,G@). By Lemma 9.1 of (5), there 
exists a Q-kernel 8: Q > O(K) such that Z, = G, the induced operation 
of Q on Z,- coincides with the given (from Q) operation of Q on G, and 
the Eilenberg—MacLane obstruction of 8: Q@ > O(K) is —h. Let 

6 — 6B: Q + O(R), 


ind let P operate trivially on K. Then 


4(pq) = 8B(pq) = OB(q) = 9(q), 
so that (3.10) is satisfied. Since 
- x he H3(Q,G), 
the distributive space of extensions of 0: @ > O(K) is non-empty. By 
[7.7], the deviation of this distributive space is —y(¥) = y(h); hence, 
by Theorem 1, the distributive space of extensions is isomorphic to D. 


8. The invariant x, 

As in the second part of § 7, we assume that the operation of P on K 
s trivial, and that the Q-kernel @: @ > O(K) is extendible. 

ecall the definition of 7' from § 7. For each ¢ € 7’, let ,S denote the 
set of all f ¢ 02(Q, K) such that cy f = devt; let ,S° denote the set of 
ull fe S such that 5,f = 0; let 


S, = 8 CQ, K), pS? = ,S°n C2(Q, K) = S°n 8,. 
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By [7.2] and [7.3], for each ¢ € 7’, the sets ,S, and ,S° are non-empty. 
The following conditions are equivalent: y, = 0; some ,S®° is non-empty; 
every ,S? is non-empty. 

Foreacht € 7, Z*(Q, Z x) operates additively on ,S° by left translation: 
in fact, by Lemma 4.13 of (6), the latter is a coset of the former in the 
group C?(Q, A). Thus ,S° forms a distributive space over [P, Z7(Q, Z x)]}. 
Using [7.2], and §§ 4, 5 of (6), it can be shown that, if ¢ and t’ are elements 
of 7’, the distributive spaces ,S° and ,S® are isomorphic. The common 


deviation of all the distributive spaces ,S®°, for all ¢ € 7’, will be written 
x2(9, P) «© HP, Z27(Q, Zx)). (8.1) 
The homomorphism 
pb: 9H3(Q, Z-) > HP, 27(Q, Zx)| 
carries x, to — x» (ef. [7.7]), and the natural homomorphism 
w: H'(P, Z*) > HP, H?) 


carries y, to y,. Since the kernel of % is zero, we may say that yg is 


‘equivalent’ to y,. Combining (5.13) and (5.7) with the appropriate 
instance of (5.8), we obtain a homomorphism 
H'(P, Z7(Q, Zx)] > Hi(P, @: Zx), 


which carries x, to xy. 


Part III 

9. Generalized definition of y 

Let P, Y, G@ be as in § 5; but assume henceforth that the operation 
of P on G is trivial. We switch to the multiplicative notation for Q, 
and also for the operation of Y on G. Formula (5.1) now reads 

q9 = (pq)g- (9.1) 

J will denote the ring of integers, J(Q) the integral group ring of Q, 

and e: J(Q) ~ J the homomorphism defined by 


€ z= n;q; = z n;. 
' 


U 
J forms a Q-module [i.e. a J(Q)-module] via e: J(Q) > J. 

As shown in (1), the treatment of cohomology groups in (3), which 
we have followed above, is based on the ‘standard complex’, which is 
a particular projective resolution of the Q-module J. A special feature 
of this resolution is that it may be regarded as a functor of Q, in an 
obvious manner [reflected in (3.15)]. The definition of H"(Q,G@) (and 
hence of y) in § 5 relies strongly on this functorial property. 











ON Q-KERNELS WITH OPERATORS 31 

On the other hand, the known calculation of the cohomology groups 
of cyclic groups utilizes what may be called the ‘cyclic complex’, which 
is not funectorial. Hence it is not possible to compute y, for cyclic groups, 
by imitating literally the definition in § 5 within the framework of the 
cyclic complex. 

One possible procedure is to work with a specific homotopy equivalence 
between the cyclic and standard complexes, such as the one implicit in 
s 11 of (3). Another method, which is preferable on general grounds and 
will be followed here, is to reformulate the definition of y in terms of 
arbitrary projective resolutions, compensating by appropriate homo- 
topies for the loss of the functorial property. Simultaneously, we shall 
replace the group ring J(Q) by an arbitrary supplemented algebra since 
this second generalization costs nothing. As a matter of convenience, 
however, we shall adhere to the description of the one-dimensional 
cohomology group of P in terms of crossed homomorphisms. 

In § 13 we give a specific homotopy which measures the ‘non-func- 
toriality’ of the cyclic complex. 

Let K be any commutative ring with identity; let a: A-> A’ be a 
homomorphism of one supplemented K-algebra (1) into another; let 
«. \+>K and «’: A’>K denote the augmentation homomorphisms; 
let A and A’ be left modules over A and A’ respectively. A A-module 
homomorphism f: A + A’ is called a-semilinear if 


f(Aa) = (aA)( fa) (9.3) 


for allAc A, ae A. But let ,A’ denote the K-module A’ made into 
a A-module via «: A+ A’. Then an a-semilinear map A > A’ is the 
same thing as a A-homomorphism A - ,A’. This remark will be used 
implicitly in applying to semilinear mappings the known facts about 

near ones. 

Now let the multiplicative group P act as a group of automorphisms 
of the supplemented K-algebra A; and let 8: A > A be a fixed supple- 
mented K-algebra homomorphism such that, for all p € P and allAe A, 


B(paA) = B(A). (9.4) 


let G be any A-module, regarded also as a A-module via B: A > A. 

he left operation of P on A induces a right operation of P on H"(A, G), 

which we convert to a left operation in the usual manner: ph = hp~. 
| terms of these data, we shall define a homomorphism 


y: H(A, G) > H(P, H"-(A, G)], (9.5) 
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where H”(A, G) denotes the kernel of the homomorphism 
_ AA, G) > H(A, @) 

induced by 8: A A. 

For each p € P, p, will denote the resulting automorphism of A. Let 
X be any A-projective resolution of K, and X any A-projective resolution 
of K; the boundary operators will be denoted by d and d respectively. As 
in (1), we treat H"|Hom,(X, G@)] as a model for H"(A, @).t 

Regarding X asa A-complex via B: A > A, choose a A-map B,: X > X 
over the identity map K — K. For each pe P, choose a p,-semilinear 


map p,: X — X over the identity map K > K. The ith components of 


8, and p, will be denoted by ;: X; > X; and p,;: X; > X;, respectively. 
Now f, pz: X > X is a (Bp,)-semilinear map. But, by (9.4), Bp, = P. 
Therefore £, p; is a A-map, as is B,. Hence we may choose, for each 
p © P,a A-homotopy s”: X > X such that 
s?d+dsv Bz Ps —Be- (9.6) 
Given any element of H"(A, G), choose a representative 
h, E Hom (X,,, @). 
Then h,,d,,,., = 0, and there exists h, _, € hom,(X,,_,,@) such that 
AR, = b,4, (9.7) 
Choose any such h,_,. Define g,: P > Hom,(X,,_,, @) by 
9:(P) = haa Pn-1—Pn-1— Fan 2-1 (9.8) 
(9, pd, = hy, -14,(Pn1—V—Ay (Br Pn —Bn —En 41 82 
= (h,_,4,—h, B,)\(Pn-1—1) = 9. 
Thus g, maps P into Z"-1(X,@). Define 
J, P > B-UL, G) = 8*-(A, G) 
by filp) = 9(p")+ Bu-"(X, @). (9.9) 
THEOREM 6. f, is a crossed homomorphism. The element of 
H}{ P, H"-(A, G)] 
represented by f, depends only on the given element of Hi(A, G), and not 
on the choice of X, X, Bg, pe, 8”, h,, andh,_,. The resulting map (9.5) is 
K-linear. 

We omit the proof, but remark that, if the various assertions are 
numbered in the order of their statement, they are most easily verified 
in the order 6, 5, 1, 8, 4, 2, 7, 9, 3. 

Now suppose that 7’ is a covariant functor which assigns to eac! 


Then 


+ For H"{Hom,(X,G)] we shall also write H4(X,G) = Z'\(X, G)/B'\(X,G@). 
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supplemented A-algebra A a A-projective resolution 7'(A) of AK, and to 
each homomorphism a: A — A’ of supplemented K-algebras an «-semi- 
linear map 7'(«): T(A) > T(A’) over the identity K — K (for example, 
the standard complex). In the above deiinition of y, we may take 

A = F(A), X = T(A), By = TB), Ps = T (pry), 
a” = Q. 
Formulae (9.8) and (9.9) yield 
Si(P) h, 1 T(p a1 A,, cr BRT A. G) 
ph, 1 h, 4+ BaU(TA, G) (6 rh, -1)(p) + Br- (TA, G). 
Hence, in the situation of §5, the homomorphism y defined there 
coincides with the one defined here. 


10. The cyclic resolution 

Henceforth we assume Q to be a finite cyclic group of order n; J will 
continue to denote the ring of integers. The ‘cyclic’ Q-projective 
resolution of J (1) is defined relative to an arbitrary generator q of Q 


as follows. Define D = q—le J(Q), (10.1) 
n—1 

. y qi c J(Q). (10.2) 
i=0 


Let X; = J(Q) for alli > 0. Since 1 is a basis for the Q-module X,, 
a Y@-homomorphism of X; into any Q-module may be prescribed by 
giving its value at 1. For i > 0, we define d;: X; > X,_, by 
Dif zis odd, 
N if iis even. (10.3) 


Then the complex X together with the augmentation map e: X) > J 


d,(1) 


defined by (9.2) forms a Q-projective resolution of J. 

Because ofthe commutativity of J(Q), D and N act as Q-endo- 
morphisms of any Q-module G by left multiplication. The natural 
isomorphisms Homg(X,, G) = G induce isomorphisms 
HQ, @) = D-*(0) N(G) for ‘ even and positive, 

N-(0)/D(@) for ¢ odd. (10.4) 
Cf. (3), § 11.) 


11. Some identities 
Continuing from § 10, we let Q’ be another finite cyclic group, of order 
with a chosen generator q’; let a: Q > Q’ be a group homomorphism. 
lefine the integers t,, U,, €y. "ax Yar Z, by the conditions 
xq — (q')*@ (0<t, <n’), (11.1) 
nt, = n'u,, (11.2) 
695.2.8 D 
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€, = g.c.d.(n’,t,), (11.3) 


ryeg =, Yul = ba Za%, = %. (11.4) 


To prove that z, is an integer we observe that e, is the index of a(() 
in Q’; hence r, is the order of a(Q); hence z, is the order of the kernel 


of xX. 
Define the elements F’,, L’,, M’, of the group ring J(Q’) as follows: 
la—2 
F,= > (ay, (11.5) 
i=o 
fe—1 : 
Zz > (q’)**, (1 1.6) 
i=0 
n’—1 F 
M, = > mq’), (11.7) 
i=0 


where, for each i, the integer m; is defined by the condition 
0S 1-—mM,e, < eq. 
THEOREM 7 (parts 1-6). a(D) = D'F’, a(N) =z, 14, DM, =7,—-Lh, 
, v a wv r ‘s , “ y 
LF, = y,.N’, F.(aN) = u,N', M(aD) = 1, Fy, N'. 
(The proof is omitted. Parts 5 and 6 are corollaries of parts 1—4.) 
Now let Q be a third finite cyclic group, of order 7%, with a chosen 
generator q; let 8: Q’ > @ be a group homomorphism. The above 
notations may also be applied to the homomorphisms £ and Ba. We note 


that tg, = tgt, (mod v), (11.9) 
tg, Ug Uy = Ug, tgt,. (11.10) 

Define the integer c by 
cn tgt,—tg,. (11.11) 


THEOREM 7 (part 7). (BF.)Fs cN +-Fy,. (The proof is omitted.) 
For each non-negative integer i we define the rational number o, by 
no; = (Ug Uy)'—(Ugy)'. (11.12) 
[11.13] 0; is an integer, and o;,,—Ug,o; = C(Ugu,)'. 
Proof. Use (11.4) as applied to Ba, and (11.11), to ‘eliminate’ 7%, tg,. 
n, tgt,. Then (11.10), and (11.2), as applied to Ba, yield 
(11.14 


(11.15) 


Ug Uy = Ballarat YBa) 


UBa = YBu*Ba- 
The second part of [11.13] follows readily from (11.14) and (11.15) 
then the first part of [11.13] follows by induction from the second. 
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12. Induced homomorphisms 
Let a: @ > Q be as in§ 11. Let G@ be a Q’-module, regarded also as 
. Q@-module via a: @ > Q’. In this section we give explicit formulae for 
e induced homomorphisms 
rv: H'(Q’, G) > H'(Q, G), 
n terms of the models (10.4). 
It follows from parts 1 and 5 of Theorem 7 (§ 11) that the formulae 
xgi(1) = (wy)! (i > 0), (12.2) 
Xo +4(1) = (u,)' FY (t > 0) (12.3) 
define a Q-map a,: X — X’ (whose ith component is a;: X; > X;) over 
the identity map K > K. 
Each element of the group ring J/(Q’) acts by left multiplication as 
a (Y’-endomorphism (and hence also as a Q-endomorphism) of G. We 
note that in general, as endomorphisms of G, D x(D) ~ D’, and 
\ v.V) # NV’. From parts 1 and 5 of Theorem 7 we obtain: 
12.4] of G maps N’-\(0) into N-(0), and 
D'(G) onto D(G), and therefore induces a homomorphism 
(F.)4: V’-(0)/D'(G) + N-1(0)/D(@). 
lhe endomorphism u,: G > G maps D’-\(0) into D-(0), and N’(G@) into 
\(G), and therefore induces a homomorphism 


(%,)%: D’-(0)/N'(G) > D-*(0)/N(G@). 


The endomorphism F', 


By (1), the homomorphisms (12.1) are induced by any Q-map X —> X’ 
over the identity J + J. In particular, they are induced by the map 
X - X’ defined by (12.2) and (12.3). Hence 


THEOREM 8.” 7'he diagrams 








t7 


\\ 


H2+1(Q', G) = N’-\(0)/D'(G@) 

| a | (u,) (Fide (Raa 
H*(Q,G) = N-(0)/D(Q) 

H*+2(Q', @) = D'-\(0)/N'(G) 

we 1(u,)(ua)s ae 
H2+2(Q,@) = D-(0)/N(Q), 


vhich the horizontal isomorphisms are instances of (10.4), are commuta- 


for alli 


he rest of this section is devoted to the special case Q’ 
assume that @ is a given Q-module such that ,G@ 


2 4 


Q,q' = q. 


G; in other 
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words, that (ag)g = gg for all ge Q and geG [ef. (9.1)]. We regard 
H'(Q,G) as a Q-module via the operation of Q on G. In particular 
the element F, of J(Q) acts as an endomorphism of H'(Q, G), by left 
multiplication. 


THEOREM 9. For all i > 0, a3; = (t,)' and oF; 4, = (t,)'Fy. 
Proposition 11.2.] 


| Cf. (3), 


The proof, which we omit, can be based on Theorem 8, or directly on 
formulae (12.2) and (12.3). 


13. A ‘naturalizing homotopy’ for the cyclic resolution 

Let a: QQ’ and B: Q’ > Q be as in §11. Formulae (12.2) and 
(12.3) yield Q-maps ag: X > X’, By: X’ > X, and (Ba): X > X. By 
(1), the maps (Px), and P,a, of the Q-projective complex X into the 
acyclic complex X are Q-homotopic. Recalling (11.4), (11.7), and 
(11.12), we define a specific Q-homotopy s: X > X by: 


8e(1) = 2,0; Mg; — Sagua(l) = O44, (i > 0). (13.1) 
THEOREM 10. sd+ds = By ag—(Ba)g. 


The proof, which we omit, is based on Theorem 7 (§ 11) and [11.13]. 


14. Calculation of y: H?'*1(Q, G) > HP, H*(Q, G)] 

Throughout the rest of the paper, P, 8: Q > Q, Q,, and G will be as 
at the end of §5. We assume further that Q is finite cyclic, of order n, 
and that P is cyclic.’ Let m = 0 if P is infinite; otherwise let m denote 
the order of P. Choose fixed generators p, q of P and Q respectively, 
and let 4 = Ba. (14.1) 
We shall apply the notations of §§ 10-13 to the sequence of homo- 
morphisms 


Pp = 
g% eh. (14.2) 
Since tg = 1, Upg = tpg: F; 1, and Bp, = f, we shall use the 
following abbreviations: 
t = to, = Up; Uu = Ug; F = Fy. (14.5) 
Notice that wu is the order of Q,, and that ci = t—1. 
Applying Theorem 8 (§ 12) to 8B: Q@ > Q, we obtain 
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THEOREM 11 (Part 1). The isomorphism 
H*+1(Q, G) = N-(0)/D(G) 
nduces H3+1Q, G) = Ay ./D(@), (14.4) 
here Ay; ., denotes the group of all g € G such that Ng = Vand u'g € D(G). 
Consider h ¢ H?'(Q,G). We recall from § 9 [ef. (3.15)] the convention 
hp~*. On the other hand, (pg)*h in the sense of § 12 means hp. 
(herefore Theorem 9 (§ 12) yields 
ph = (Po)*h = th for he H*(Q,G). (14.5) 
THEOREM 11 (Part 2). The combination of (a) formula (10.4) applied 
to the group P with generator p-', (b) formula (10.4) applied to the group 
() with generator q, and (c) an appropriate Noether isomorphism, yields 
HH) P, H7(Q, G)] = B,;/Cy,, (14.6) 
where By; denotes the group of all g € G such that 
m—-1 s 
> tg e N(G) 
j=0 


and C,, denotes the subgroup N(G)-+-(t'—1)[D-(0)] of G. 


Dg . 0, 


i—1 
We now define ™%, => 8. (14.7) 
j=0 


If g € Ay;,,, then ug € D(G). Hence the symbol cr; ND-1u! describes, 
in an obvious manner, a multivalued function A,;,, > G. It may be 
verified that this induces a single-valued homomorphism with the domain 
ind range indicated in diagram (14.8). 

THEOREM 11 (Part 3). The diagram 

H2'+1(Q, G) = Ag,,,/D(G@) 

- a | (er; D-*u') (14.8) 
y : Y 
H}| P, H**(Q, G)] = By; /C,; 

commutative. 

The proof, which we omit, is based mainly on Theorems 7 and 10 
SS 11, 13). 

COROLLARY. Suppose that 

y: HQ, G) > H[P, H*(Q, G)] 
not zero. Then: uAg ~ 0, cN(G) < 0; none of the groups 
N(G), D(G), N-\(0), D-(0) 
qual to G or zero; the inclusions 


0c D(G)c N-(0) c G 
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are proper; the order of G, if finite, is the product of at least three primes 
(not necessarily distinct), and hence is at least 8; none of the following 
three formulae 


g=-9 W=-% a= %4 
holds for all g < G: not all elements of N-\(0) are of order 2. 


15. An example 

Let P, Q, G be cyclic of order 2, 8, 8 respectively; let pq = q°*, and 
qg = 5g for all g ¢ G let P operate trivially on G. By (10.4), H?(Q, G) 
is cyclic of order 4; hence, by (14.5), the induced operation of P on 
H*(Q,G) is trivial. It now follows by (10.4) that H?[P, H?(Q, G)] is of 
order 2. 

Choose a generator h of H*(Q,G), and a non-empty set D on which 
H*(Q, G) operates simply transitively. Define an operation of P on D by 

pd = 2h+d foralldeD. (15.1) 
It is easily verified that D is now a distributive space over [P, H?(Q, G)]. 
Clearly no point in D is left fixed by all of P; hence the deviation of D 
is the non-zero element of H'{P, H?(Q,G@)]. From Theorem 11 (§ 14) it 
follows easily that 7 
y: H3(Q, G) > HP, H?(Q, G)] 

is an isomorphism of one group of order 2 onto another. Therefore, by 
Theorem 5 ($7), D is isomorphic to the distributive space of some 
()-kernel 6: Q + O(K), with P operating trivially on K. But inspection 
of (15.1) reveals that D contains exactly two orbits under P, while 
H*(Q,G) contains four. Hence 6: Q > O(K) is a counter-example to 
Lemma 5 of (2). 
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COMMUTATIVE RINGS OF LINEAR 
TRANSFORMATIONS AND INFINITE MATRICES 


By H. 8. ALLEN (London) 
[Received 7 August 1956] 

1. Introduction 

Let ® be an infinite-dimensional left vector space over a ‘sfield’ A, and 
let R’ be a right vector space over A [(11),.6]. Suppose that R and R’ 
ive dual spaces relative to a non-degenerate bilinear form (x, y) defined 
on RXR’ to A [(11), 253]. Let L(R) be the ring of all linear trans- 
formations in ®, and let 2(R'/R) be the ring of all linear transformations 
in ® which have transposes in R’, the product A B of two transformations 
1 and B being defined by 2(A B) = (xA)B (xe ®). 

| shall consider commutative subrings of the ring 2(R’/R), and from 
the results established I shall deduce, as particular cases, analogous 
results on commutative rings of infinite matrices. 

The notation * for the space of linear functions on a vector space R 
(conjugate space of R) [(11), 52; (7), 42], and a* for the Ké6the—Toeplitz 
dual space of a sequence space a [(8), 275] are both widely used, and 
| have retained them. 

The space of all y € ®’ such that (x, y) = 0 for every x in a subspace M 
of Ris called the subspace incident to M and is denoted by j(M). Similarly 
i(.V) will denote the subspace of ® incident to a subspace N of ®’. It is 
known that j{j(M)} is the closure of M in the ®’-topology of ® and, in 
particular, that M is closed if and only if j{j(M)} = M [(11), 255]. 

In § 3 it is proved that with every proper closed subspace M (M + 0) 
if R we can associate a maximal commutative subring of 2(R’/R). 

Let ® be the centre of A. The linear scalar transformations in ® are 
determined by the elements of ® [(11), 35], and I shall denote the scalar 
transformation which corresponds to an element a € ® by a [(5), 207]. 
\ transformation 7 € £(R'/R) belongs to the commutative subring O(/) 

ssociated with the subspace M if and only if 7 induces a linear scalar 
ransformation a in M and the transpose 7” induces a in j(/). 

The rank p(A) of a linear transformation A is the dimensionality of 
he image space RA [(11), 256]. The set of all transformations of finite 
ink in &£(R) will be denoted by %. I shall show that, when / has finite 
imension or finite codimension [(7), 37], then the Jacobson radical 6(M) 
f O(M) [(12, 303; (15), 132] is FN O(N), but, when R and R’ have 


uart. J. Math. Oxford (2), 8 (1957), 39-53. 
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enumerable bases and WM has infinite dimension and infinite codimension, 
then 6(M) contains transformations which are not of finite rank. In all 
cases, 6(.M) is the maximal nilpotent ideal of ®(/). 

The set of all transformations in 2(R’/R) which commute with a 
subset S of &(R'/R) is denoted by C(S). 

Let 2,,(R'/R) be the ring of all transformations in L(R’/R) which 
leave a closed subspace M (M + 0) of & invariant. It wilt be proved 
that, if 8 is a proper two-sided ideal in 2),(R'/R), then €(B) is commu- 
tative, and that, if M has finite dimension or finite codimension, then 
€(B) is a maximal commutative subring of 2(R'/R) if and only if B is 
the Jacobson radical of O(M). 

Some properties of infinite matrices which induce transformations of 
finite rank in a sequence space are given in § 4. 

Little is known on the subject of commutativity of infinite matrices 
[(8), 100] and some of the results known involve matrices which are the 
transform of a diagonal matrix [(8), 101]. In a previous paper [(3), 225] 
I have studied abelian groups of infinite matrices, the group operation 
being matrix multiplication; commutativity in this case was established 
by the method employed in Theorem 2 for classes of transformations 
on an abstract vector space. 

In § 5 we apply the general results previously established to rings of 
matrices. In order to do this, we identify rings of the type X4(«) [(9), 
307, 311] with rings of linear transformations in the| sequence space « 
which have transposes in a dual space 8. When « contains ¢ and (a) 
is a ring, we can identify the ring &(a) with the ring of linear trans- 
formations in « with transposes in «*, the Kéthe—Toeplitz dual space of «. 

Closed subspaces of a sequence space « in the a*-topology of « have 
been introduced by G. Kéthe in the theory of linear equations in infinitely 
many unknowns [(13), 203]. It has been proved by Kéthe that, when « 
is a separable Banach space in which convergence and limit coincides 
with strong projective convergence and limit [(8), 302], then closure in 
the «*-topology of « coincides with closure in the Banach space « [(13), 
203]. This is the case for « = o, (r > 1). 

In § 5 it is proved that the set of all matrices in Xg(«) which are the 
transform of a diagonal matrix in X,(x) by a fixed matrix in X¢(q) is a 
maximal commutative subring of (a). Evidently every maximal 
commutative subring of X4(x) contains the ring of scalar matrices, and 
it will be proved that the intersection of a maximal commutative subring 
associated with a closed subspace and a maximal commutative subring 
of the diagonal type is the ring of scalar matrices. 
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Finally we consider subrings associated with a space A of finite dimen- 
sion, the space A being a subspace of a perfect space pu [(8), 275] which 
is itself a proper subspace of a perfect space a. It will be proved that the 
maximal commutative subring of &(«) associated with A is a subring of 
the maximal commutative subring of &(u) associated with A, but the 
maximal property does not hold in the ring X(y). 

Some examples of maximal commutative subrings in the rings of K,, 
K., A, and Hilbert matrices are given: these commutative subrings do 
not contain any non-scalar matrix which is the transform of a diagonal 
matrix by a matrix in the corresponding ring. 


2. Definitions and notation 

The vector spaces ® and 8’ will remain fixed throughout § 3 and § 4, 
but we shall consider subspaces of various types. Suppose WM and N 
subspaces of R and ®’ (M, N + 0) and let ®(N/M) denote the ring of 
all transformations 7’ € £(R'/R) to which correspond an element a ¢ ® 
such that (i) #7’ = az for all xe M, (ii) yT’ = ya for all ye N. The 
mapping 7' -> a of ®(N/M) on ® will be denoted by s, and I shall write 
1'’* =a. We observe that, if u;€j(N), v;,€j(M) (t = 1, 2,..., n), and 
ae ®, then the transformation A defined by 


n 
2A = azr+ > (2, »,)u; 
i=1 


belongs to O(N/M). 
We observe [(16), 158] that, if T* = a and xe M, ye &’, then 


0 = («T'—ax, y) = (x, yT’—ya), 


ind hence R(T” —a) < j(M). (2.1) 
Similarly ‘ij R(T —a) < j(N). (2.2) 


If x € j{j(M)} and y € &’, we have 
(xT'—ax,y) = (x, yT’—ya) = 9, 
by (2.1), and hence x7' = ax. Similarly yT’ = ya for every y € j{j(N)}, 
id, since j{j(M)} > M, it follows from the definition above that 
DIGN)} IG} = O(N/M). 
\e shall therefore consider closed subspaces only. If M = Ror N = WR’ 
‘)(.V/M) is the ring of linear scalar transformations and I shall exclude 


se cases. 
if N is a closed subspace of finite codimension n in &’, then j(N) has 
nension » [(£4), 164], and it follows from (2.2) that 7’—a has finite 
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rank. Similarly 7'—a is of finite rank if M is a closed subspace of finite 
codimension in &. 

Let 1 denote the identity element of the ‘sfield’ A. In order to describe 
transformations belonging to some rings of the type ®(N//), I shal! 
use the following definitions: 

DEFINITION 1. A subspace of codimension | in a vector space is called 
a hyperplane {(7), 38}. 

DEFINITION 2. If we R, fe R*, and (u,f) = 0, the transformation A 
defined by xA = x+-(x,f u, x € R, is called a transvection [(10), 10}. 

Evidently (A —1)? = 0. 

DEFINITION 3. If the characteristic of A + 2, a linear transformation 
T (# 1) such that (7'—1)? = 0 is called a transformation of class 2 {(5), 
203, 207). 

Thus, if the characteristic of A + 2, a linear transformation B (+ 1) 
is a transvection if and only if B is of class 2 and p(B—1) = 1. 

The dual space ®’ of ® is isomorphic to a subspace R, of R* under 
the correspondence v <> g, where (x,v) = (a,g) for every xe ® [(11), 
253]. Ifthe transvection A defined above belongs to 2(R’/R) and u + 0, 
then f € ®,, and there is a vector v’ € ®’ such that 7A = x+-(z,v')u. 


3. Commutative subrings 
It is to be understood throughout § 3 and § 4 that M and N are proppr 
closed subspaces of R and &’ and that M +0, N #0. 


THEOREM 1. €[®(.V/M)] = ®{j(M)/j(N)}. 
Suppose that 7’ ¢ ®(.N/M) and let 7* = b. Suppose that 
Ac O{j(M)j(N)} 
and let a be the element of ® which corresponds to A. From (2.2) we 
have R(A—a) < M, and hence (A —a)(7T'—b) = 0. Similarly 
(T’—b)(A—a) = 0, 
and it follows that AT’ = TA. 

Suppose that we j(.V) and ve j(M) (u 4 0, v ~ 0) and let C be the 
transformation defined in R by xC = (a, v)u. Then C € O(N/M), and, 
if Be €{M(N/M)], we have 

(x, v)uB = (xB,v)u = (x, vB')u. (3.1 


There is a point x’ € R such that (x’,v) = 1; fix v and vary u, and we 
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obtain uwB = cu for every u € j(N), where c € ®, since B is linear. From 


(3.1) we obtain (x, ve)u = (x, vB’ \u 


for every x € ®, and this implies that ve = vB’. Hence Be ®f{ j(M)/j(N)}. 
This proves the theorem. 
COROLLARY. ®(N/M) is commutative if and only if 
O(N/M) < OM) iN). 

[THEOREM 2. O(N /M) is commutative if M > j(N). 

For M >j(N) implies N = 7(M), and the result follows from the 
definition and the corollary to Theorem 1. 

The space generated by a set V of vectors will be denoted by [V]. 

['HEOREM 3. O(N /M) is commutative if M and N are closed hyperplanes 
and A is commutative. 

In this case the spaces j(/) and j(N) have dimension 1. Letj(M) = [v], 
j( NV) = [wv], and let A be the transformation defined by xA = (2, v)u, 
xe. If T ¢ O(N/M) and T* = a, we have, by (2.2), 2(7'—a) = (a, fu, 
where fe ®*. Since 7 has a transpose in ®’, it follows that there is a 
point v’ € R®’ such that x,f) = (x,v'). 


If ye R’ we have y(T’—a) = v'(u,y), 
and it follows from (2.1) that v’ vb, where bc A. Hence 
a(T—a) = b(ax, v)u, T = a+ba. 

The commutativity follows. 

If (u,v) 4 0, we can choose u and v such that (u,v) = 1, and then A 
is an idempotent. 

Suppose that (u,v) = 0, and let B = 1+-A; then B is a transvection, 
and ®(N/M) if the ring of all transformations c+dB, where c and d are 
elements of ®, 


THEOREM 4. If @(N/M) is commutative, then either (i) M > j(N), or 
) A is commutative and M and N are hyperplanes. 


Suppose that (i) does not hold; then there are vectors u, € j(N) and 

j(M) such that (u,,v,) 4 0. Hence, if a + 0 belongs to A, there are 

ctors uw € j(N) and v € j(M) such that (u,v) = a. The transformation 

| defined on 8 by xA = (zx, v)u belongs to ®(N/M), and hence, by the 

rollary to Theorem 1, we have A € ®{j(M)/j(N)}. From the definitions, 

there is an element 6 ¢ ® such that 2A = bx for x € j(N), and we have 
uA = au. Hence a = band A= ®. If xe j7(N), we have 


ax =(a,v)u and x=a-(a,v)u. 
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Thus j(V) = [wv] and similarly j(M) = [v]. It follows that M and N are 
hyperplanes. 

THEOREM 5. The ring ®(N/M) is a maximal commutative subring of 
L(R'/R) if and only if N = j(M). 

Suppose that V = j(.M); then M = j(N) and €[®(N/M)] = O(N/M), 
by Theorem 1. Hence ®(V/M) is a maximal commutative subring of 
L(R'/R). 

Conversely, suppose that ®(.V/M) is a maximal commutative subring 
of &(R'/R). By the corollary to Theorem 1, we have 

O(.N/M) < Of9(M)/j(N)}. 
It follows from Theorem | that, if 7’ ¢ ®{j(M)/j(N)}, the ring generated 
by T and ®(N/M) is commutative, and from the maximal property we 
obtain 7’ ¢ O(N/M). Hence 

@(N/M) = &fj(M)/j(N)}. 


It follows from Theorem 4 that either (i) M > j() or (ii) M and N are 
hyperplanes. The ring ®{j(J/)/j()} is commutative, and hence either 
(iii) j(N’) = M, or (iv) j(.M) and j(N) are hyperplanes. If M and N are 
hyperplanes, neither (iii) nor (iv) can hold. If j(.M) and 7(N) are hyper- 
planes, neither (i) nor (ii) can hold. It follows from (i) and (iii) that 


M = j(N). 

The maximal commutative subring ®{j(1/)/M} of 2(R'/R) will be 
denoted by ®(./) and the Jacobson radical of ®(M) will be denoted by 
6(M). 

THEOREM 6. {6(M)}? = 0. 

Suppose 7 ¢ ®(M) (i = 1, 2) and let 7? = a,. By (2.2) we have 

R(T,—a,) < M, 

and hence (T,—a,)(T,—a,) = 0. 
We have (7,—a,)? = 0 and, if a, 4 0, it follows that 7, has an inverse 
in the ring ®(M). Ifa, = 0, T, is nilpotent. It follows that, if the charac- 
teristic of A + 2, every transformation in ®(M) which is non-scalar and 
non-nilpotent can be expressed uniquely as a product of a scalar trans- 
formation and a transformation of class 2. If 7, and T are nilpotent, 
then 7, 7, = 0. Hence 6(M) is the maximum nilpotent ideal of the ring 
@(M) and {6(.M)}? = 0. 

When we identify the linear scalar transformations in R with elements 


of ® and observe that 
T, = (T,—4)+4, 
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where 7,—a, is nilpotent, it follows that ®(/) is the direct sum of the 
tield ® and the Jacobson radical 6(M). I use the notation 


0(M) = 9 OAM) 
to denote the direct sum. Evidently 
C[6(.M)|] = O(N). 
THEOREM 7. The quotient ring ®(M)/6(M) is isomorphic to ®. 


Suppose that 7’ ¢ ®(.) and let 7* = a. The mapping 7' > a of ®(1) 
on ® is a homomorphism with kernel 6(/). The result follows [(6), 355}. 


THEOREM 8. (i) If M has finite dimension or is a closed subspace of 
finite codimension in R, then 0(M) = &N OM). 

(ii) If R and R' have enumerable bases and M is a closed subspace of 
infinite dimension and of infinite codimension in ®, then 6(M) contains 
transformations which are not of finite rank. 


(i) In each case it follows from (2.1) or (2.2) that 0(M) < §N OM). 
Transformations in the ring § M ®(M) have no inverse, and it follows 
from the proof of Theorem 6 that § 9 ®(M) ¢ 6(M). This proves (i). 

(ii) There is a subspace P of R such that R = M @ P, and a subspace 
S of R’ such that R’ = j(M) @S. The spaces M and S are dual spaces 
relative to (a, y) (2 € M, ye S); for, if x, ¢ M and (2,,y) = 0 for every 
y € S, it follows that (x,,y) = 0 for every y € ®’ and hence x, = 0. If 
y,€S and (x,y,) = 0 for every xe M, then y, €j(M) S, and hence 
y, = 0. Thespaces M and S have infinite dimension and have enumerable 
bases. Hence there is a basis (e;) (¢ = 1, 2,...) for M which has a comple- 
mentary basis (f;) (¢ = 1, 2,...) in S in the sense that 

2 (¢i.f5) = 95; 
where 5,; = 0 if i Aj and 8,, = 1 [(11), 253]. Similarly P and j(J) 
ire dual spaces and there is a basis (e;) (¢ = 1, 2,...) for P which has a 
complementary basis (f;) (¢ = 1, 2,...) in j(/). There is a linear trans- 
formation 7’ in ® such that e; T = 0 and e; T = e; (i = 1, 2,...) [(11), 243]. 
Chere is a linear transformation X in ®’ such that f; X = Oand f; X = f; 
i = 1, 2,...). Suppose that x € R and y € R’; then 


n n’ 
= 1 , ’ 
x= > 2,e,+ > x4, 
i=1 i=1 
vhere x;, x; are in A, and 
m 


m’ 
= 2S Yi Xfi Yi 
i= t 
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where y;, y; are in A. We have 

: n P ” ™m 5 

aT : 2, ej, yX = 2 Sime 
i= i= 

Since (e;,f;) = 0 (i, j = 1, 2,...), it follows that 

(xT ,y) = > xy; = (x, yX). 
Hence 7” — X, and, since T* = 0, we have T € 0(M). The‘image space 
of T is M, and T is not of finite rank. 


THEOREM 9. If 8 is a proper two-sided ideal in &y,(R'/R), then 
(i) B contains & N O(.M), (ii) €(B) ts a commutative ring. 

The ring &,,(R'/R) induces a dense ring of linear transformations on 
the space M, and hence 8 contains all transformations of finite rank 
in &y,(R' R) [(11), 261]. This proves (i). The result (ii) is deduced from 
the proof of Theorem 1. We take N = j(M), so that j(N) = M, and 
suppose B € €{%]. It follows as in the proof of Theorem | that B ec ®(M), 
and hence €[8}] ¢ ®(M). 

THEOREM 10. If 8 is a proper two-sided ideal in the ring &y,(R'/R), 
then €[B] is a maximal commutative subring of L(R'/R) if and only if 
Bc HM). 

Suppose the maximal property to hold. Then €[%] = ®(M), by 
Theorem 5 and Theorem 9. Since €/€[%]] > B, it follows that 

0(M) = 8. 
Every non-nilpotent transformation in ®(/) has an inverse in the ring 
v,,(R'/R), by the proof of Theorem 6, and hence 8 ¢ 6(.). 

THEOREM 11. Jf (i) M is a subspace of 8 of finite dimension or a closed 
subspace of finite codimension in ®, (ii) B is a proper two-sided ideal in 
the ring &y,(R' RK), then the commutative ring €(B) is maximal in L(R'/R) 

if and only if B 6(.M). 


It follows from Theorem 8 and Theorem 9 that 8 > 6(M), and the 
result follows from Theorem 10. 


4. Infinite matrices which induce transformations of finite rank 


Let a* denote the Kéthe—Toeplitz dual space of a sequence space a. 
I use the notation 


(x,y) > tii 


for the scalar product of x = {x;} and y = {y,}. Suppose that a > ¢ and 
¢@<B¢ «* [(8), 273]; then « and B are dual spaces in the generalized 
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sense relative to (x,y) [(1), 503], and X¢(a) is a ring [(9), 311]. Every 
matrix A € Xe(a) induces a transformation 7', € 2(8/a). I use the con- 
ventional notation Ax to denote the transform of a vector x by an 
infinite matrix A. Suppose that A and B are in Y_(a) and x € «a, and 
let the product of the transformations induced by these matrices be 
defined as in § 1; then we have 


aT, = ABe = 27,7. 


The mapping A > 7, is an anti-isomorphism of the ring X¢(a) on the 
ring &(B/a) [(6), 503). 

(HEOREM 12. If A € Xg(a), the transformation T, is of finite rank m 
if and only if A = UV, where (i) the first m column vectors of the matrix U 
are linearly independent in « and all other column vectors of U are zero, 
ii) the first m row vectors of V are linearly independent in B and all other 
row vectors of V are zero. 

Let p(T',) = m. It follows from (4.1) that there are m linearly inde- 
pendent vectors wu (i = 1, 2,..., m) in a and m linearly independent 
vectors v (¢ = 1, 2,..., m) in B such that 

m 
Az = > (2, %)u, 
i= 
Let U be the matrix whose ith column vector is wu (i b. Biscny OR 
other column vectors being zero. Let V be the matrix whose ith row 
—o Vv) b, S,...5 002, 
other row vectors being zero. Let ¢” (p = 1, 2,...) denote the unit 
vector e(?) 1l,egk? = O0(k ~p). If rea, we have 
m 
Vz = > (2, ee 
i= 


m m 


OVz = > (2, ue )Ve® = $ (2, o)w. 


i=1 i 
Hence A UV. We observe that U and V are in X¢(«) [(9), 307]. The 
converse is evident. 
Let I denote the unit matrix. It follows from § 2 that 7', is a trans- 
ction in «if and only if A = 7+ U,V, where (i) the first column vector 
of U, is in « and all other column vectors of U, are zero, (ii) the first 
row vector of J; isin B and all other row vectors of V, are zero, (iii) V, U; = 0. 


(HEOREM 13. If A € Xg(x) and p(T.) = m, then A’ maps every sub- 
ice of a* which contains > on the same m-dimensional subspace of B. 


[t follows from Theorem 12 that A’ € X(a*) and that (Az, y) = (x, A’y) 
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for every x € aandy € a*. Hence 7’, has a transpose in a* induced by 4’. 
The transpose of 7', in the conjugate space of « maps every total subspace 
of the conjugate space on the same subspace [4,, ¢o,...,¢,,], Where the 4; 
are linearly independent [(11), 253]. The space f is isomorphic to a total 
subspace f, of the conjugate space of «. Since A’ maps f into f, it follows 
that the transpose of 7', in the conjugate space of « maps f, into ),. 
Hence ¢; € f,, and there are points vu” € 8 which map on: ¢; under the 
isomorphism. If A is a subspace of «* which contains ¢, then A is iso- 
morphic to a total subspace A, of the conjugate space of «. The transpose 
of T', in the conjugate space maps A, on [¢, 4g,..., ,,], and hence A’ maps 
A on [ul yp?) atm)] 
PP ces : 

We observe that A’ € %,(8) [(9), 308], and it follows that A maps 
every subspace of 8* which contains ¢ on the same m-dimensional 
subspace of «a. 


THEOREM 14. Jf A € Xg(a) and p(T'y) = m, then for all but a finite 
number of scalars k (+ 0) the matrix kI+-A has a two-sided reciprocal in 
Xg(a). The reciprocal of kI+-A can be expressed in the form k-*I+ B, 
where p(T) = m. 

With the notation of Theorem 12, we have 

™m : : 
Ax = > (x, v)u (xe a). 
i=1 
Let C' = (c,;) be the mm matrix whose elements are defined by 


Ci; (uw), x) (4,7 = 1, 2,..., m). 


m 
Then Aw) = > ¢,;u. 
i=1 


Let A = [u™, u,..., a]. 


Suppose that 2 & A, and let x; (¢ = 1, 2,..., m) be the coordinates of x 
relative to this basis. Then 
s G (5 (i) 
2 = pat ud), Az = ps (> cs x;)u P, 
Hence C is the matrix of the linear transformation induced by 7’, in A 
relative to the given basis. Let J,, denote the unit mm matrix, and 
choose k ~ 0 such that det(kJ,,+C) 4¢ 0. Suppose that z € a and con- 
sider the equation 


(kI+A)x =z. 


Let a = A @u, and let z = 2+2, where 2 €A and 2) Ey. Since A 
maps a on A, we have 
2) _ £-14 22) - A. 
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Let d; (« = 1, 2,..., m) be the coordinates of 2”—k-1Az® relative to the 
basis wu. There are complex numbers x; (i = 1, 2,..., m) such that 
m 


ku;+ DS ¢,32%;=d, (t= 1, 2,..., m). 


j=1 
Let a) = x, u%+a,u%+...+2,,u™, 
and let a = k-1z@). Then 
(kI+A)ae® = 2D—f-1422), (kI+A)ae® = 224 k-142@), 


Hence kJ+A maps x+-2® on z. It follows that kJ+A maps « on a, 
and similarly kJ+A’ maps B on B. Hence kI+A has a two-sided 
reciprocal in Ue(a) [(4), 505], and we express this reciprocal in the 
form k-1J+ B. 


If xe jiu, v®,...,0”], we have Ax = 0, by Theorem 12, and 
x= (k1I4 B)(kI+-A)x = x+kBz, 


and so Bx = 0. Thus B maps j[v™, v®,...,v™] on 0, and this implies 
that B’ maps 8 into [v™, v®,..., x]. Hence p(B) < p(A), and similarly 
p(A) < p(B). This proves that p(B) = m. 


5. Maximal commutative subrings of Xp(«) 

In § 5 the spaces on which the transformations are defined will vary, 
and we shall consider commutative rings which are subrings of more 
than one ring of the type X,(«). In order to exhibit this property, a 
change in the notation is necessary. Let € denote the complex field, 
and let A 4 0 be a proper closed subspace of « in the B-topology of «. 
Let C\(a/B8) denote the ring of all A € X(a) such that 


- 


(i) Ax =ax forzved, 
(ii) A’'y = ay for ye j(A), where ae €. 


\t follows from Theorem 5 that C\(«/8) is a maximal commutative sub- 
ring of Xe(a). The Jacobson radical of this ring will be denoted by J,(«/B). 
Let 0, denote the space of all sequences {z,} such that 2,,_, = 0 


1, 2,...), and let 0, denote the space of all {z,} such that 2, = 0 
1, 2,...) [(8), 273]. 


[THEOREM 15. If (i)« > dand X(a) isa ring, (ii) S is the set of all A € X(«) 
ch that a,, o, = 0 (n. k = 1, 2,...) and dgn_1, = 0 (n, k = 1, 2,...), then 

(he set of all matrices pI+-A, where A € S and pe &, is a maximal com- 
itative subriny of X(«). 


95.2.8 
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We take 8 = a* and observe that ©,.(a) = Z(«) [(9), 309, 312}. Let 

A = 0,9 «; then, if y €j(A), we have (e@”, y) = y,, = 0. Evidently 

JA) = 0.N a*, 

and A is closed. Hence C\(a/a*) is a maximal commutative subring of 
x(a), and it follows from the proof of Theorem 6 that every matrix in 
this subring is of the form p/+A, where pe € and A € J\(a/a*). If 
A € J\(a/a*), then Ax = 0 for x € A and A’y = 0 for y € j(A). It follows 
that row vectors of A are in j(A) and column vectors of A are in A. This 
proves the theorem. 

We obtain examples of maximal commutative subrings in the rings of 
(i) A-matrices, (ii) A,-matrices, (iii) K,-matrices, (iv) Hilbert matrices, 
(v) column-finite matrices, (vi) row-finite matrices, by suitably choosing 
the space a and applying Theorem 15 [(9), 298, 301, 324]. 

We shall require the following lemma: 


LEMMA. Suppose that (i) « and pu are perfect spaces and yp is a proper 
subspace of «, (ii) A is a subspace of w. Then (a), if A is a closed subspace 
of « in the «*-topology of «, the space » is a closed subspace of pw in the 
p*-topology of uw. (b), if A has finite codimension m in p, A is not a closed 
subspace of « in the «*-topology of «. 


(a) We have a* cu*. Let j,(A) be the subspace of «* incident to A 
and j,(A) the subspace of .* incident to A; then j,(A) € j,(A). Hence the 
subspace of » incident to j,(A) is contained in the subspace of a incident 
to j,(A), i.e. is contained in A. This proves (a). 

(b) Suppose that A has codimension m in p. The closure of the sub- 
space A of u in the u*-topology of » contains A, and therefore has co- 
dimension n < min wp. It follows that 


dim)j.(A) = n, and hence dim),(A) < n. 


Thus the codimension of the closure of the subspace A of « in the 
x*-topology of « does not exceed m. Since the codimension of A in x 
does exceed m, it follows that A is not closed in «. 


THEOREM 16. If A is a proper closed subspace of a perfect space « in th: 
x*-topology of « and has finite codimension in «, then « = A**. 


From «>A, it follows that « = a** > A** [(8), 275]. The space A is 
not perfect; for, if A is a perfect space, we have A > ¢ [(8), 275], and 
hence j(A) = 0 andA = a. Hence A** 5A. Suppose that a > A**; then, 
by the lemma, A is a closed subspace of A** in the A*-topology of A**. 
Since A has finite codimension in a, it has finite codimension in A**, 
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an it follows from the lemma that A is not closed in the a*-topology 
.. The contradiction proves that « = A**. 
[HEOREM 17. I[f (i) « and p are perfect spaces and «> p, (ii) A is a 
space of u (A ~ 0), (iii) A is a closed subspace of « in the «*-topology of «, 
ven the maximal commutative subring C\(«/«*) of the ring X(«) is a subring 
f the maximal commutative subring C)\(u/u*) of the ring X(u). If A has 
inite dimension, C)(a/a*) is a proper subring of C\(u/p*). 

Suppose that A € J\(a/a*); then Aa CACyp, by (2.2), and hence 
Au <p. It follows that A € X(u). We use the same notation as in the 
lemma. We have Ax = 0 for x €Aand A’y = 0 for y € j,(A). Hence the 
row vectors of A’ belong to « [(9), 299] and are incident to j,(A), and it 
follows from (iii) that the row vectors of A’ are in A. Hence A’y = 0 for 
y © j,(A), and from the definition we have A € J\(u/u*). Since 

C\(a/a*) = € OD dh(a/a*), 
by the proof of Theorem 6, the result follows. 

ifdimA = m, j,(A) has codimension m in a*, and j,(A) has codimension 
min u*. Since a* is a proper subspace of p*, it follows that j,(A) is a 
proper subspace of j,(A). Suppose v = {v,} is in j(A) and not in j,(A); 
then v is in u* and not in a*. Hence there is a point z = {z,} € a such 
that the series &|z, v,| diverges. Suppose that 

u={ujerdA (u-~9), 
and let U = (u,,,), where 
s. (se = I, 3....), 


Und n 
Let V = (v,,), where 
%.,=9, (& = I, 2....), Unt =O (n> 1). 
The matrix B —"UV does not belong to X(a) since the series ¥z, v;, 
diverges. Since u € A and v € j,(A), 1t follows that Bx = 0 for x € A, and 
B’ 0 for y€j,(A). Evidently Be X(u), and hence Be Jj(p/p*). It 
follows that C\(a/a*) is a proper subring of C\(u/u*), and hence that the 
commutative ring C\(a/a*) is not maximal in X(). 
Let D be the ring of all diagonal matrices. 


THeorEM 18. If the matrix Be Xg(«) has a two-sided reciprocal 
B Xg(x), then the ring BUDN Xgla)}B is a maximal commutative 


subring of Xp(«). 
e prove the result first for the case B= J. Let D™ (n 
be ‘he diagonal matrix with diagonal elements 


qd =k (k = 1, 3...., 2), dM =0 (k>n). 
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Then D” € X2(«). Suppose that A € Xg(«) and 


4D®> = DA je = 1, 5....); 
then a,,(de’—d™) = 0 
and it follows that a, = 0 (i # k). Hence the result holds for B = J, 
If Xe Xa( x) and 

X(B-°D™B) = (B-'-D™B)X_ = (n = 1, 2....), 

we have (BX B)D” = Dm BX B-), 
and therefore BX B-! is a diagonal matrix. If BX B-! = D, we have 
X = B"DB. This proves the theorem. 

We proceed to prove that the intersection of two maximal commuta- 
tive subrings, one of each of the classes referred to above, is the ring of 
scalar matrices. 

THEOREM 19. Jf Band B~ are in X2(a), then 

Ci(a/B) 1 BLD 0 Yp(a)}B 
is the ring of scalar matrices. 

Suppose that D = (d,) © Xg(«) and that A = BDBeC\(a/B). If 
xeA,we haveaxy = Ax = B“DBzx, wherea € €. Hence D( Bx) = a( br) 
and d,,(Bx),, = a( Bx), (n = 1, 2,...). Let m be any fixed positive integer; 
if there is an x € A such that (Bz),, 4 0, then d,, = a. If (Bz),, = 0 for 
every x € A, and b'” denotes the mth row vector of B, we have 

(z,b6™) = 0 (reA). 
Hence b™ € (A) and A’bh™ = ab”, from the definitions. From 
(B-*y'R’ = f, 
we obtain (B-!)’b™ = e”, and hence 


ab — B'D( B 1)’ — B'’Del™ — d,.. he, 


m 


Since b™ + 0, it follows that d,, =a and D= al. This proves the 
theorem. 


6. Ideals in rings of matrices 

The unit vectors e” (n = 1, 2,...) form a basis for ¢. Let wu = ju; 
where u, = 1(k = 1,2,...). Thespace C of stationary sequences [(8), 273] 
is the direct sum of its subspaces ¢ and [u] by (2), and so C has an 
enumerable basis. Similarly the space D of alternating sequences ))as 
an enumerable basis. It follows from Theorem 8 that, if a is one of ‘he 
spaces ¢, C, or D, and if A is a closed subspace of a in the ¢-topology 
of « of infinite dimension and infinite codimension, then the Jacobson 
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cal of the commutative subring C)(a/¢) of X4(«) contains nilpotent 

matrices of index 2 [(8), 9] which induce transformations in « which 
are not of finite rank. 


(HEOREM 20. Every proper two-sided ideal in the ring Xg(«) contains 
the ideal ®N Xg(«). 

We identify the ring &g(«) with the ring of linear transformations in 
. which have transposes in the dual space 8. This is a dense ring of 
linear transformations and the result follows [(11), 261]. 


COROLLARY. If «a > ¢ and X(«) is a ring, then every proper two-sided 
ideal in X(«) contains the ideal & NO X(x). 
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ON THE CONTINUITY PROPERTIES OF 
VECTOR-VALUED FUNCTIONS OF BOUNDED 
VARIATION 
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1. Ler X be a Banach space over the complex field and let x(-) be a 
function from the real line to X with the property 


A 
[A] E (#lt)- (ty) < K(a,b) <x 


whenever kk > land —wo <act<..<ty <b<@; 


then we shall say that x(-) is of weakly bounded variation [in the sense 
of Gel’fand (7) and Dunford (3)]. It is known that x(-) has the property 
[A] if and only if the complex-valued function x*(x(-)) is of bounded 
variation in the usual sense on every compact interval of the real line 
for each choice of the bounded linear functional x*. When X is a Hilbert 
space, then Edwards (4) has shown that [A] can also be expressed in 
terms of the covariance-function p(s,t) = (x(s),2(t)). In the present 
paper we shall constantly make the assumptions | A] and 


B the space X is sequentially weakly complete, 
} q y ! P 


and we shall then show that the strong limits 2(¢-+-0) exist for all values of 
t, that 2(-) is strongly continuous save at most on a countable t-set, that 
the range of 2(-) is separable, and that (in case 2(-) is continuous to the 
right) this function can be decomposed into a strongly continuous part 
and a step-function. These results were required in connexion with an 
investigation by Edwards and Moyal, partly reported in (5), into 
stochastic differential equations, and a number of further applications (to 
be reported elsewhere) have subsequently been noted by Edwards. 

In the statistical applications X is normally a Hilbert space and {| 
is then always satisfied; the Hilbert-space versions of our results (which 
can also be proved directly with the aid of covariance-function tech- 
niques) have applications to the expansion theorems of stochastic proccss 
theory (for an account of these see a forthcoming book by Moyal). 

The assumption [B] will also hold whenever X is a reflexive space or 
an L-space. 
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ON VECTOR-VALUED FUNCTIONS 

Earlier contributions to this subject were made by Gel’fand (7) and 
by Alexiewicz (1). Certain of their results come close to ours, but by 
exploiting the properties of unconditionally convergent series in sequen- 
tially weakly complete spaces we have been able in one or two respects 
to assume less or prove more.t 

We know of no detailed account of the work of Orlicz on uncondi- 
tionally convergent series, although a summary of the results (without 
proofs) will be found at the end (pp. 240-1) of Banach’s book (2). For 
the proofs of the theorems needed here we therefore refer the reader to 
a paper by Pettis (8). He will also find in (6) a substantial generalization 
by Edwards of the results now to be presented. 

2. In what follows [A] and [B] will always be assumed; thus we can 
write, for any x* in the adjoint space X*, 

3 
x*(x(t)) = P if (t; x*) (1) 

where, for each value of r, f.(° ; x*) is a (finite) real-valued non-decreasing 
function of the real variable ¢t. (The functions f, are, of course, not 
uniquely determined by (1).) Accordingly the limits f,(t--0;x*) exist 
for each ¢ and each 2*, and so the limits 2(¢-+0) exist at least weakly. 
Now let t, + t; then 


@ 


DY |x*(x(t,41)—2lt,))| <x 


n=1 


ao 
foreach a* e X* andso > (x(t, ,,)—2(t,,)) is unconditionally convergent. 
n=1 


It follows that x(t,) converges strongly (as n > 00) to a limit which can 
only be the weak limit 2(t—0). But the sequence {t,,} was arbitrary, and 
so from this and a similar argument it follows that the strong limits 
r({+0) exist for all t. 
Next, let u(t) = x(t)—a(t—0) and v(t) = x(t+0)—z2(t), and let {t,,} be 
y sequence of distinct t-values interior to some compact t-interval. 
hen 


4 


> |x*(u(t,,))| <0, > x*(v(t,,))| <0, 


n=1 n=1 
x x 
dso ¥ u(t,) and, > v(t,) are unconditionally convergent, and con- 
n=1 n=1 


juently u(t,) and v(t,,) each tend strongly to zero when n> oo. It 
‘lows that for each value of c > 0 and for each compact interval J, 
‘h of the sets ‘ ne 

{t: \\u(t)|| > c}, {t: \|(t)|| > c}, 


Thus Satz 4 (Anm. 1°) of § 6 of (7) and Theorem 7 of (1) are each weaker 
n our Theorem 1. 
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can have only finitely many points in common with J, and so 
u(t) = v(t) = 0 save on a countable t-set. We have now proved 


THEOREM |. Jf |A|and|B] are satisfied, then x(-) is strongly continuous 
save at most on a countable set, and the strong limits x(t+-0) exist at each 
exceptional point. 


3. If we put Z(t) = x(t+0), we obtain a function #(-) which still 
satisfies [A] but which is strongly continuous to the right, 


i.e. #(t-+0) = X(t) 


for all t. Let us suppose (throughout the rest of § 3) that this normali- 
zation has been effected, and write y(t) = 2(t)—a(t—0) for the ‘jump’ 
of the normalized function at t. If {t,,} is a sequence of distinct t-values 
interior to a compact interval, then > |x*(y(t,,))| <0, and so ¥ y(/,) 
will be unconditionally convergent. Thus, if 7, (m = 1, 2,...) is an 
enumeration of the points of discontinuity of the function 2(-), then 


we can define 
t) = S ylm) (t>0) 


0<TaS 


Zz Yt) (<0) 


t<TaS 


and w(t) = a(t)—2(t). It will be found that z(-) and w(-) both satisfy | A], 
so that the strong limits z(¢+-0) and w(t+_0) exist. Some straightforward 
calculations now give 


z(t—O) = 2(t)—y(0), 2(t+-0) = 2(t), 
and so w(t—0) = w(t) = w(t+0). We have therefore proved 


THEOREM 2. Let [A] and |B| be satisfied and suppose that x(-) is con- 
tinuous to the right. Then 
x(t) = 2(t)+w(t) (—2o <t<o), 
where z(-) and w(-) each satisfy [A], w(-) is strongly continuous, and <(:) 


is the step-function defined above at (2). 


4. On noting that x(t) differs from 2(t+0) only on a countable set, 
and that 2(t+-0) is the strong limit of z(r) when r | ¢ through rational 
values, we obtain 


THEOREM 3. Every function of weakly bounded variation from the real 
line to a sequentially weakly complete space has a separable range. 
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ON THE CONTINUITY PROPERTIES OF 
FUNCTIONS SATISFYING A CONDITION 
OF SIRVINT’S 
By D. A. EDWARDS (Ozford) 

[Received 30 August 1956] 


1. In their study (5) of the continuity properties of vector-valued 
functions of bounded variation Kendall and Moyal proved a number 
of theorems subject to the condition that the function under considera- 
tion took its values in a weakly (sequentially) complete Banach space. 
In this paper it will be shown that this hypothesis of weak completeness 
can be replaced by a certain compactness condition. In the course of the 
discussion a number of related questions will also be considered. 

If x(-) is a given function from the real line R to a complex Banach 
space X and if —co <a <b < @, then E(a,b) will denote the set of 
all finite sums of the form 


)—2(ta;-a)} 


- 


in which nm > landa <t, <t <<... < ty, <6. The class of all func- 
tions x(-) for which E(a,6) is bounded will be denoted by Z(a,b) and 
that for which E(a, b) is conditionally weakly compact by Y(a, b). These 
classes were introduced by Dunford (2) and Sirvint (9) respectively, 
and it is evident that 

Gla,b)> fi(a,b) (—-w <a<b< ow). 


Whereas Kendall and Moyal were concerned with functions of the class 


D N Zia, b), 


2<a<b<aw 


in the present paper I shall consider the corresponding Sirvint class 4 
We shall see that 

Gia,b) = Sf(a,b) (—w<a<b< ou) 
when the space X is weakly complete, and this equation relates the 
Kendall-Moyal theorems to those proved here. 

The importance of the class 7 resides mainly in the fact, discovered 
by Dunford (2) and Gel’fand (4), that 2(-) ¢ Z if and only if 2*x(-) is 
of bounded variation, in the ordinary sense, in each compact interval of 
R for each fixed element «x* of the adjoint space X*. The Sirvint class Y 
derives its importance from the fact that each function 2(-) in # is 


Quart. J. Math. Oxford (2), 8 (1957), 58-67. 
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sociated in a natural wayt with a vector-valued measure defined on 
e ring Z of real bounded Borel sets, and conversely. 


2. The modifications of the method of Kendall and Moyal required 
x the proof of the continuity theorems of § 3 are made possible by the 
following theorem. 


THEOREM |. Let X bea complex Banach space and let {x,,} be an infinite 
sequence in X. Then a necessary and sufficient condition for the uncondi- 


x 
tional convergence of ¥ x, is that the set 
e e i n 


M 
7 aoe ot . “a - - OM 
Ey = | 2 Fam’ M>1; B, < Me <2. < By < 00} 


m 
be conditionally weakly compact. 
If E, is conditionally weakly compact, then the set 
t= {x—y: 2, y € E, vu (0)} 
is bounded: in other words, there is a finite constant A such that 


a ,; 
2d én%n| <A tor XN = 1, 3.... 


n= 


whenever e, = 0, +1 (all n). If 2* € X*, it now follows, on writing 


€ sgn re a*(z,); e,, = sgnima*(z, 


n 


that 


— 


N N N . 
> |x*(z,)| <> |rex*(z,)|+ > |imz*(z,) 
n=1 n=1 n=1 


\ 


N N 
© , 
rea*( 7 ti x,)+im x*( 2 fn x, ) 
n=1 


n= 


- 2Alle*|| (N = 1, 2,...). 
al 
x 
Hence ¥ |a*(x,,)| < 00 for each x* € X*. Consequently, for each x* and 
=1 
n a 
for each subseries > 


a Nm” 
m=1 


M M 

} . . ; , oK 

lim x*( > 2 wl lim > 2x*(x,,) = g(x*) 
M-o« m=1 Mo m=1 

xists, and, since E, is bounded, g ¢ X**. But Eberlein (3) has shown 

hat a set E < X is conditionally weakly compact if and only if every 


equence in E contains a subsequence weakly convergent to an element 


+ The relationship resembles that between ordinary real functions of 

sounded variation and signed measures defined on &. For a precise statement 
a 
3 4. 
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of X. It therefore follows, since E, is conditionally weakly compact 
that there exists a strictly increasing sequence {/,} of natural numbers 


and a vector x, ¢ X such that 
Mr 
weak lim > 


rena m= 


Ln, = Xp. 
1 


Evidently g(x*) = x*(x) for all 2* ¢ X*, and so 


M 
lim x*( > Lym) == 2°%(z,) 
M—o 1 


m= 
for all x*. The original series ¥ x, thus has the property that each of 
its subseries is weakly convergent to an element of X; and so, by the 
Orlicz—Banach—Pettis theorem [see Pettis (7), Lemma 2.32, or Dunford 
(2), 322], > x, converges unconditionally. 

Instead of now giving a direct proof of the necessity of the condition 
I shall, for the sake of completeness, prove the following somewhat 
stronger result. Here / will denote, as usual, the Banach space of infinite 


complex sequences 
Y = (. Me»---) 


2 
such that y > |nn| < ©, 
1 


while m will denote the space of infinite bounded complex sequences 


u (xy, Oigy..) 
with the norm defined by 


sup |a@ 
1<2n<@ 


nis 


THEOREM 2. A necessary and (trivially) sufficient condition for > x,, 
to be unconditionally convergent is that ¥ «, x, should converge strongly 
for every vector u = (a4, a ,...) E Mm. 

It is then the case that > x, x,, converges unconditionally for each u and 
that 


Ve 
Tu = T (a, ag,... 
defines a strongly (and hence weakly) compact operator T: m > X. 


This theorem, as can be seen from the proof, is little more than a 
restatement of some of the results of Pettis and Dunford. 

If > x, is unconditionally convergent, then the operator S: X* — /, 
and hence also S*, by Schauder’s theorem [see (8)] defined by 


Sa* = (x*(a,), x*(ay),..-), 


is compact, as Dunford has remarked | (2) 322; see also Pettis (7), Lemma 
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32]. Now choose integers M > 1,1 <n, < ng <... < my - 
(a4, %,...) € m and let f be the element of /* defined by 
fy) fim, Tass) Nm Dim’ 
‘ MM 
hen || f || < |u| andt S*f= D> a, 2a. 
m=1 
But, since S* is strongly compact, this implies that the series > a, x,, 
satisfies the condition of Theorem 1, and therefore converges uncondi- 
tionally. If now h € /* is defined by 


x 


h(y) h(n, %e,--.) = > i e 


n=1 
then it is easy to show that 
x 
S% = 5 az 
—_ U 


je i 
n=1 
l’ is therefore compact. 


Now let c, be the subspace of m consisting of all the vectors 


u (a, Og,...) 


such that lima, = 0. 


nx 


CoroLuary. Jf X isa weakly complete Banach space, then every bounded 
»perator T': c, > X is compact. 


This is a consequence of the elementary observation that the operator 
has a representation of the form 


x 
Ta = > a, 2,; 
. n=1 


where ¥ x, is unconditionally convergent [cf. Gel’fand (4)|. It may 
ilso be added that, when X is arbitrary, this is the general form for a 
weakly (and also strongly) compact operator 7': cy > X. 


3. Throughout this section it will be supposed that X is a complex 
Banach space and that 2(-): R > X is a given function of the class /. 
Since Y & J, it is possible to write, following Kendall and Moyal, 

3 
z*a(t) = > vf ft;z*) (z* e X*), 
r=0 


where the f,(- ;2*) are real non-decreasing functions. The limits 
f,(t—0; 2*) 


+ The x, are here regarded as embedded, in the canonical sense, in X**. 
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exist for each ¢ and each 2*, and hence 


lim a*x(t—h) = g(t; a*) 
h-0+ 


exists. Now suppose that ¢, * tas n—0o. Then, by Theorem 1, the two 


series 
ae > {x(te,)—x(tors)}, -_ Y {x(ters1) —a(tey)} 


converge unconditionally. Consequently 
N-1 
a(ty) = a(t)+ > {r(trs)—a(t,)} 
n=1 


converge strongly (to 2», say) as N +00. We have 
2*(z_) = g(t; z*) 
for all x* and this shows that 2, depends on ¢ alone, and not on the 


choice of the monotonic sequence {t,}. Since this sequence was arbi- 
trary, one can deduce without difficulty that 


strong lim a(t—h) = 2p. 
h-—0+ 
A similar argument applies to x(¢+-0). 
Next suppose that u(t) = a(t)—a(t—0), that {t,,} is an infinite sequence 
of distinct points in some compact interval [a,b], that y, = u(t,), and 


x x 
that y, is a subseries of ¥ y,. Then 
1 tim 1 " 
r= 


m= 


M 


M 
> Yim ; Yi {x(tn,,) 7 “X(t, 0); 
1 


m= m= 


M 
strong lim }> {x(t,,)—2x(t,,,—h)} 
h->0+ m=1 


But for each M a positive h, < 1 exists such that the intervals 


[t,.—A,t,| (am 1, 2,..., Mf) 


itm 


are disjoint when 0 <h < hy. It follows that 


M a 

os 7 
Tn © E ’ 

m=1 


where E denotes the strong closure of the set Z of all finite sums of the 


form K 


> {1 (82%) —7(S2x-1)} 
k=1 


in which K > 1 and a—1 <s, <8 <... <8, <6. By hypothesis 
E (and consequently £) is conditionally weakly compact and therefore, 
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vy Theorem 1, the series ¥ u(t,,) converges unconditionally. The method 
if Kendall and Moyal can now be used to conclude the proof of 


THEOREM 3. Jf x{-) is a function of Sirvint’s class /, then the strong 
mits x(t+-0) exist everywhere, and they satisfy 


x(t—0) = x(t) a(t+-0) 
for all except an (at most) countable set of t-values. 
CoROLLARY. Each function of the class S is separably-valued. 


On writing 2(¢f) = a2(t+0) one obtains a new function Z(-) which is 
everywhere strongly continuous to the right and which, as a simple limit 
argument shows, is also a function of the class Y. Suppose this normali- 
zation to have been carried out: that is, suppose that the given function 
r(-) belongs to 4, the class of functions of Y which are strongly con- 
tinuous to the right. Let {7,,} be an enumeration of the discontinuities 


ns 
of x(-). Then we can define z(-) as follows: 
2(t) > u(r, when ¢t > 0 
0<TaS 
2(0) = 0 ; (1) 
2(t) = — DS u(r,) whent <0 
t<tn<0 
If {r, } is any subsequence of {7,,}, then we have, as a consequence of 
the argument used to prove Theorem 3, 
u(r, JE E, 


a<Tn,, <b 


tim 
from which result it is easy to deduce that z(-) € 4. If w(t) = x(t)—z(t), 
then it is clear that w(-)iseverywhere strongly continuous. This, together 
with the fact (an easy consequence of Eberlein’s theorem) that the 
difference of two functions in F is also in Y (so that w(-) ¢ H) makes it 
possible to state 

TuHeoreM 4. Jf x(-)€ 4, then there exists a pair of functions z(-), 

(*) € SA satisfying 

a(t) = 2(t)+w(t) (—2o <t<o) 
ul such that z(-) is a step-function, defined at (1), and w(-) ts everywhere 


rongly continuous. 


4. If Zis any Boolean ring of subsets of R then a function pn: 2 > X 


ill be called a vector-valued measure if 


po) = 9, 
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where @ is the empty set, and 


»(U #n) = > a2) (3) 


whenever the £,, are disjoint sets of Z with their union in &, the series 
on the right being unconditionally convergent. In what follows # will 
denote the class of bounded Borel subsets of R. If x: R-— X is now 
defined by x(0) = 0, (4) 


x(d)—a(c) = p(#) when E = (c,d), (5) 
then 2 is a function in 7 and is everywhere strongly continuous to the 
right. Conversely, if such a function 2 € @ is given and if X is weakly 
complete, then there is a unique vector-valued measure yp: Z> X 
satisfying (5). These results are due, essentially, to Gel’fand (4) and 
they make possible a comparison of the Kendall—Moyal theorems with 
those of § 3. For, if u: @ > X is a vector-valued measure, then for each 


F € BZ the set {u(EF): Ee B} 


is, by a theorem of Bartle, Dunford, and Schwartz (1), conditionally 
weakly compact whether X is weakly complete or not. The associated 
function x: R > X defined at (4) and (5) is therefore in 4%. So, when 
X is weakly complete, % = ZY, where Z, comprises all the functions 


of Z which are strongly continuous to the right. Hence 

S=9 
when X is weakly complete, and it is easy to show similarly that in 
this case S(a,b) = (a,b) (—w <a <b <o). 
The theorems of § 3 may thus be regarded as generalizations of the 
corresponding Kendall—Moyal theorems. 

It will now be shown that the result of Gel’fand’s which has just been 
used can, like the Kendall—Moyal theorems, be extended to arbitrary 
Banach spaces. We have just seen that, for any given space X and 
measure p: Z—-> X, the function 2(-) defined at (4) and (5) is in %. 
Conversely, it will appear that to any given function x(-) € 4 there 
corresponds a unique measure »: Z#—> X satisfying (5). Since every 
function of Y can be normalized, as in § 3, to give a function of 4, this 
result will justify the remarks made at the end of § 1. 


5. Let O(a, b) denote the Banach space of continuous complex-valued 
functions ¢(-) on the compact interval [a,b], with 


|$(-)|| = sup |d(Z)|. 
t<b 


asts 
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THEOREM 5 (StrviNT). The general form for a weakly compact linear 
operator T: C(a,b) > X, where X is an arbitrary complex Banach space, 
1s b 
Td = { $(0) da(t), 
a 
where x(-)€ S(a,b) and where the integral is a strong Riemann—Stieltjes 
integral in the sense of Dunford (2). 

The original proof of this theorem by Sirvint (9) is by no means 
elementary, and I therefore include the following alternative discussion. 
The result is closely related to Theorem 3.2 of (1) and a part of the 
proof given below is based on the procedure there employed. 

Let x(-)eS(a,b) < D(a,b). Then [see (2)] the strong Riemann-— 
Stieltjes integral D 


= | o(t) dx(t) 


a 
exists for each d € C(a,b), and its value is the strong limit of a sequence 
of sums of the type “ 


2H 7; ){a(t i+1) —x(t;)}, 


where a=t,<ti,<.. <t,., =b 
and tS Sty, (¢ = 1, 2,..., 2). 


Now suppose that 


Then the sum y= => $(7;){x(t;4,)—2x(t,)} 


can be rewritten as 3 (7; fx(t; 41) —x(t;,)} 
r=1 


in such a way that 


0 < d(t%;,) < A(t,) <»- < H(t) <1 
Then 


y= ra) S felted —et +S [Pru E (lta) —2(6)}] 
But this expression makes it evident, in virtue of the inequalities 
$(7;,) > 9, $(7;,)—(7;,_,) > 9, 
brad+ ¥ ry) —Hr_I} = Hr) <1 
that y, and hence 7'¢, lies in the closed convex hull K of the set 
E(a,b) U (0). 


3695,2.8 F 
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But E(a,b), and therefore E(a,b) U (0), is conditionally weakly compact 
and hence, by a theorem of Krein (6), K is weakly compact. Since 


3 
T{¢: |\d|| <I S DS va,: 2,6 K 
r=0 


it follows, by an application of Eberlein’s theorem, that 7' is a weakly 
compact operator. 

Conversely, if 7': C(a,b) > X is weakly compact, then, by a theorem 
of Bartle, Dunford, and Schwartz (1), there exists a vector-valued 
measure np: BN [a,b] > X such that 


*(T$) = | darn (dt) (we X*). (6) 
{a,b} 


If we now write (in order to avoid an unnecessary use Of the Bartle- 
Dunford-Schwartz integral) 


y(t) = p([a,t]) (@<t<b), — y(a) = (7) 
then y(-)ES (a,b) and 


b 
a*(Td) = | # x*y (dt) = [ o(t) dx* y 


= je p(t) dyio) (x* € X*), 


a 
b 


so that Td = | $(t) dy(t) 


a 
as required. 


If now 2(-) € 4 is given, then the operator 7’: C(a,b) > X defined by 
b 
Ts = | d(t) de(?) 


is weakly compact. If the associated u: AN [a,b| > X and y: [a,b] > X 
are constructed as in the foregoing proof [see (6) and (7)], then we have 


b b 
| 4) dat) = | g(t) dy(t) (Pe C(a@,d)), 


and then, by a standard argument, 
a(t)—x(a) = y(t)—y(a) (@<t<bd). 
Hence y(a) = y(a+0) and therefore .((a)) = 0, so that 
y(t) = w([a, t]) = w([4,t])—n((@)) = w((a,t]) (@<t <6). 
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[f we now denote by yp, the restriction of » to AN (a,b], then we have 


Hol £) = y(d)—y(c) = 2(d)—2(c) 


whenever EZ = (c,d] € (a, )]. 
We can so construct ~,» whenever —o0 < a <b < ©, and it is now 
possible, by a simple argument, to complete the proof of the following 


CoroLuaRy. If 2(-): R-> X is a function of the class Y,, where X is 
an arbitrary Banach space, then there exists a unique vector-valued measure 
u: B-> X satisfying (5). 


This justifies the assertion made at the end of § 4. 

In conclusion, I thank Mr. D. G. Kendall and Mr. J. E. Moyal for 
communicating their theorems to me before publication; I am also 
particularly indebted to Mr. Kendall for a number of suggestions which 
have materially improved the present paper. 
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INTEGRAL TRANSFORMS OVER CERTAIN 
FUNCTION SPACES (1) 


By D. B. SEARS (Cape Town) 
[Received 7 September 1956] 


1. Introduction 
THE functions f, F in L*(0,00) are transforms of one another if they 
satisfy a pair of relations of the type 


w @ 


| F(t) dt = | fla) x(x, w) dx, (1.1) 


0 0 
[ fo) dy = | FWple,0 at, 
0 0 


where x, p satisfy appropriate conditions. The relations 


w 


[Fw dt = { fte) de { $(c,t) dt, (1.3) 
0 0 


0 


[ fy) dy = [ FO at f .0) dy (1.4) 
0 0 0 


were considered first by Temple (5), and subsequently by a number of 
writers. [Various references will be found in (2).| As far as the space 
L*(0,00) is concerned, with Lebesgue integrals, the group of theorems 
given by Bochner and Chandrasekharan (1) solves completely the prob- 
lem of the characterization of unitary transformations by ‘kernels’ y 
and p. They remark also that more general situations can be dealt with 
by their methods. One such generalization arises in considering the 
‘spectral theorem’ for ordinary linear differential equations of second 
order with one singular point, where we are concerned with a one-to-one 
linear mapping of L*(0, 00) on toa space generated by a Lebesgue-Stieltjes 
measure, also of L* type [see (4)]. 

Given two spaces of L* type, not necessarily the same, I shall call a 
transformation from one to the other unitary if it is a one-to-one linear 
mapping which preserves inner products. In the present paper I extend 
the results of (1) (Theorems 77, 78) to apply to L? spaces associated with 
abstract measure spaces, and to spaces whose elements are in other L? 
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spaces. Some additional problems will be considered in a subsequent 
paper. 

In the terminology of Halmos (3), one can extend the results of (1) 
simply by replacing characteristic functions over intervals in (0,00) by 
characteristic functions of sets of finite measure over a o-ring. The 
results obtained in this way are not, however, a true generalizatidn of 
the theorems of Bochner and Chandrasekharan, which assert that certain 
consequences follow if x and p satisfy conditions over a ring included in 
the o-ring of all Lebesgue-measurable sets in (0,00). I begin, therefore, 
by introducing the appropriate ‘auxiliary ring’ into the abstract space. 
The application to the Euclidean case is considered in § 5. 


2. An auxiliary ring of sets 

Let (5, 8,4) be a measure space, i.e. 5 is a set, 8) a o-ring of subsets 
of 5, 7 a measure. We suppose that 6 is o-finite, and » non-negative. 
The function space /? (elements /, g,...) is then the class of measurable 
functions f with values in the field of complex numbers, for which | f |? 
is integrable over 6, and 


(ta) = [ foau, 
) 


f =(J sid 


where g denotes the conjugate complex of g. 

Let s be a subclass of 8), with elements denoted by p, q,..., with the 
following properties: 

(i) all sets of s are of finite measure p; 

(ii) all finite disjoint unions of sets of s are in s; 

(iii) if p, ges, then p—q es; 

(iv) if p,,..., p, are disjoint sets of s, cp,,..., ep, their characteristic 
functions, @,,..., @, arbitrary complex numbers, then the class of all 
simple functions > a, ep, is dense in /*. 

Clearly finite intersections of sets in s are also sets in s. Every measure 
space must contain such a class, for the class of sets in sy all of which 
are of finite measure satisfies the above conditions. 

If p, g € 8; and a, b are complex numbers, then 


acp+beq = (a+b)e(pN q)+ae(p—q)+be(q—p). (2.1) 


Thus s is a ring of sets in 8 over which the simple functions constitute 
a linear manifold dense in /?. 
The following properties of the class s will be required. 
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Lemma |. If f €/*, there exist numbers a; and a finjte number of disjoint 
sets p; € 8, for which 


(i) II fitdy — Sa, | Far <«, 
8 Di 


(i) | \fP du — > la,Pu(p)| <. 
r) 


By hypothesis, there exists a sequence of simple functions > a;,, ep,, 
converging to f in /? norm, so that, as n > 0, 


[ Ff- Zz Qin CPin) dp > 0, 
r) 


2 
| | Z Gin ePin| dp = | lf |}? du. 
3 ) 
Remembering that, for each n, the sets p;, are disjoint, we see that the 
results stated follow immediately. 


Lemma 2. If fel? and {f du = 0 for every p € 8, then f = 0. 
p 
This is an immediate consequence of (i) of Lemma 1. 


3. The Temple-Bochner theory 

We shall be concerned with unitary transformations (as previously 
defined) between a pair of function spaces of the type considered in § 2. 
In order to simplify the notation, as far as possible lower-case letters 
will refer to one space, and corresponding upper-case letters to the other. 
More precisely, the measure space (5, 89, 4) determines some class s C 8», 
with elements p, q,..., and a function space /?, with elements /, g,.... We 
are given also a measure space (A, Sp,v) of similar type, a ring Sc 8, 
with elements P, Q,..., and the space determines a function space L* 
with elements F’, G,..... Point functions over 5, A will be written f(x), 
F(y) respectively. 

A function »(P), or y(P,x), which is both a function of a set P and 
a point function, will be called a pvS-kernel if it satisfies the following 
set of conditions: 


(i) y(P,x) is defined for every P € S, and for almost all x in 6, the 
‘almost all’ referring to the measure wu; 
(ii) y(P) € /? for every Pe 8S; 
(iii) y(P) is finitely additive on S; 
(iv) y(P) is the zero element of /? whenever v(P) = 0. 
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Similarly, a yws-kernel ['(p, y) = I'(p) is defined for all p € s, for almost 

all y in A (with respect to v), is in LZ? for every p €s, finitely additive 
on s, and is the zero element of L? if u(p) = 0. 


THEOREM |. 70 each unitary transformation T from |? to L* correspond 
a unique uvS-kernel y and a unique vus-kernel T which satisfy ne 
relations, for all p,qes, P, QES: 


[ HP) du = [ Tp) av 
p P 


(K,) | (PQ) du = (Pn Q), 


8 
(Ky) [ P(p)T(q) dv = w(p nq). 


A 


If Tf = F, TF =f, then 
[ Pav | faP) dp, 
P 8 


| fdu = | FT(p) d, 
Pp A 


again for allpes, PES. 


Proceeding as in (1), we define ['(p) = Tep, y(P) = T-'cP, for all 
p «8s, P&S respectively. Since 7' and 7'-1 preserve inner products, the 
relations (K,)-(7) follow immediately, and the condition of adjointness 
(A) can be verified by taking f = cp in (7,). In order to show that the 
kernels are unique, suppose, for example, that y’ is the difference of 
two pvS-kernels with the properties of y. Then, by (7;), the inner 
product (f,y’) vanishes for every P € S, and for every fe/*?. It then 
follows from Lemma 2 that y’ is the zero element of /?, for every P. 


THEOREM 2. Suppose given a uvS-kernel y and a vus-kernel T for which 
(A), (K,), (Kq) hold over sand S. Then (T,), (T,) hold, and the transforma- 
tions Tf = F, T’F = f constitute a unitary transformation T from I? to 
LT? and its inverse. 


Throughout the proof, simple functions are defined over finite unions 
of disjoint sets of s or S. 

We define a transformation J) from /? to L* with domain these simple 
functions of /?, by the relation 


Tf = ) a,U(p,) when f = >) a, Cp. 
r=1 — 





72 D. B. SEARS 


Suppose that any other representation of f is 


m 
f= 2 Po U p, — Up, 


except possibly for a null set. Since I is finitely additive and vanishes 
on null sets, 


2 tl (Pr) =X & Tp, Ps) = 2% 2 Ppp) 


= > a, > V(p,9 ps) = & a0 (p5)- 
s=1 r=1 s=1 
For a pair of simple functions 
n m 
f= 3 a, CP,, y= he b. C4, 


(Tf, M9) = > da, b (( P,), T =>>a,b 3 P, N qs) 
by (K,), so that (%)f, 7g) = (f.g). Next, if «, 8 are complex numbers, 


pPp=Up,, @a=Ue 
by (2.1), 


Taf +89) = Ty{ > (aa,+-Bb,)e(p, 9 g, )+ ¥ aa, e(p,—q) + > Ab, e( e(q 


r,s 


2 (a,+Bb,)0'(p, 9 4.) 2 oa, P(p,—4)+ > Bb, T(.—P) 


r,s 


= 2 a{l(p,9 q)+T(p,—q)}+B p b{T(p 9 q,.)+T(9q,—p)} 
= o 2 a,T(p,)+B 2 b, T(qs) 


= aly f+BT9. 
It has now been shown that 7) is a bounded linear operator preserving 
inner products, with domain dense in /*. It follows that its linear 
extension 7’ (say) is also bounded and linear, preserves inner products, 
and that its domain is /?. By using (K,) in place of (K,), we obtain a 
second operator 7” with these properties, but with domain L?. By (A), 


(cp, T’cP) = (Tep, eP) 
holds for every pes, Pe S. Hence 
(f, 7°@) = (Tf, G) (3.1) 


holds, first for characteristic functions, then for simple functions, and 
finally, by the continuity of inner products, for all f ¢ /?, Ge L?. Thus 
T, T’ are adjoint. 
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Finally, let G, H € L*, and let T’G = g. Then, by (3.1), 
(Tg, H) = (TT’G, H) = (T’G, T’H) = (G, HA) 

holds for every H € L*,i.e. Tg = G. There is a similar argument for 7”. 
Thus the range of 7 is L*, the range of 7” is /?, 7’, T’ are inverse, and 
T is unitary. 
4. Absolutely continuous kernels 

Formulae of the type (1.3), (1.4) arise when the kernels are absolutely 
continuous. Actually the term kernel is more appropriately reserved for 
functions ¢(x, t), here called a Fourier kernel. The corresponding theorem 
given by Bochner and Chandrasekharan extends quite simply to the 
present situation. In this connexion, the Cartesian product of 5, A will 
be denoted by 5x A, and similarly for sets. 


THEOREM 3. Suppose that the conditions of Theorem 2 are satisfied by 
kernels y, 1’, that there exists a Fourier kernel 6 = (x,y) for which 
| d|? dudv < (4.1) 
pxP 
for every pes, P € S, and that 


y(P, x) _ | P(x, y) dv(y) 


P 


for every P € S..Then, for every p € s, 


P(p,y) = | d(x,y) d(x). (4.3) 


p 


Let {p,,} be any ascending sequence of sets of s converging to 5, {P,} any 


ascending sequence of sets of S converging to A. Let 


F, = | fe)d(a,y) dulx) (fe P), 


Pn 


fn = | F(y)d(x,y) dv(y) (F € L?). 
Pra 


Then, as n>, F, > Tf in L* norm, and f, > T-1F in I? norm. 


n 


(f(x) (ee p,), 


Let h, (x) = 
lo ot herwise 
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Then ||f—h,|| > 0. For any Pe S, 


jhe=| [ duly ) | Hens (a, y) d(x) 


- i fle)y(P,x) d(x) 


Pn 


= | hy (w)7(P, 2) dp(e). 
8 


The inversion is justified by using the Schwarz inequality and the genera] 
Fubini theorem. Thus 


[ avy) f \flerb(e. 9) ante) 
P Dn 


| fin | f(x)p(a, y)| dui w)} dv(y) 


Pn 


Pn 


P) | 
P 
<u(P) | dv w J sae | P(x, y)!? d(x) 
P 
fi 


o(P)\\f\2 | b|2 dudv < 20, 


PnaXP 


by (4.1). It now follows by (7) of Theorem 1 that Th, = F,, and 
If—Ff,, = \|7f— Th,,|| = lif—A,y > 0. 


By (4.2), 
[ WP) dp = J du(z) J d(x, y) dv(y) 


= | aw) ) | $29) dute), 


the inversion being justified as omy By (A) of Theorem 1, and the 
uniqueness ‘of the kernel, we have (4.3). 


5. Euclidean spaces 


If one or both of the spaces 5, A is Euclidean, and one or both of the 
measures is a Stieltjes-Lebesgue measure, the conditions take on the 
simpler form given by Temple and Bochner. In such cases the class s, 
for example, may be chosen to be the set of all finite disjoint unions of 
half-open intervals in the space. Further simplification is possible, as 
is shown in the special case formulated below. 
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THEOREM 4. Suppose that 6 is (0,00), u a Stieltjes—Lebesgue measure, 
and let \\, denote the set function I'(p) with p the interval 0 < x < a. Then 
the conditions (A) and (K,) of Theorem 1 may be replaced by 


a 
| 1P )du = (1, dv, (5.1) 
6 


re (5.2) 
A 


the first of which must hold for all a > 0, Pe 8, and the second for all 
a,b > 0. 
Suppose, for example, that (5.2) holds, let [,, [, denote ['(p) with 
p equal to (a,b), (c,d), and let , denote the measure of (0,a). If 
0<a<c<b<d, since I is additive, we have 
[Q ab Xe ‘dl dv | ( (f,- (Ta Yr) dv 
A A 
—= Po Fe 
= p{(a,b) 9 (c,d)}, (5.3) 
and similarly in all other cases. If now p = LJ 1, gq = U J, are finite 
disjoint sets of intervals in s, we have 


[PMP@ & = | {ITU} & 
A 


A 


= ZX PUT) 


>> HU, F,), 


by (5.3). Now, for fixed r, the sets J, J, are disjoint, so the sum is 


equal to cs 
> #9 {U 3) = H(tU 239 (U Jb) = w(p 19). 


The other result follows in a similar manner. 
Suppose, for example, that we wish to derive Plancherel’s theorem 
for Fourier cosine-transforms from Theorem 3. Then 


d(x, y) = [Ecos ry, 


and we need only verify that 


ie 3) 


2 [ sinaxsin bx , 
— | ——,——_ dz = min(a, b). 
7 


0 
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Clearly, the use of rings s, S is necessary in order that the results obtained 
may be used in particular cases. 

As another example in Euclidean space, suppose that ¢ satisfies the 
conditions of Theorem 3, that A is the real line, and v the measure 
obtained by integrating with respect to a non-decreasing step-function 
with jumps of unity at (y,), where —0 < yy < y, <.... Let 

p(x, Yr) _ ,(x). 


The kernels are now 


yW(P,x) = >a B(v), (py) = | (x) dp. 
Ur D 
Evidently the results of Theorem 3 now reduce to elementary facts about 
orthonormal sequences. 


6. Spaces with elements in an /? space 

Results analogous to those of §§ 3, 4 hold also in a more general setting. 
Suppose given a measurable space (5, 8,)), so that 5 is the union of all 
the sets of 89, and a sequence 4, o,..., of non-negative measures, asso- 
ciated with the same classes 8), s. Corresponding to each measure p; 
will be a function space /*(u;). Let A denote the space of elements f, g,... 
consisting of all ordered sequences 


f = [fa-S---], g = O'S an 


where f;, g; are elements of /?(u;). (Similar results are obtained if we fix 
an integer » and construct an ‘n-dimensional’ space in the same way.) 
We now define f = g when f; = g; (all 7), af = [af,, af,,...| for all complex 
numbers a, and f+g = [f,+9,,/2+9.,.-.], so that A is a linear space. 
Let e be any set in 89, and let c,;e denote the characteristic function 
of e, regarded as an element of /?(;),-when j = i, and the zero element 
of /?(u;) when 7 47. In this way we obtain a sequence of elements of d, 


©, € = [Cy €, Cyg ,..., Cee, ], (6.1) 


which will be referred to as the ‘characteristic function’ of e in A. An 
element f of A will be called simple when f; is a simple function in /?(y;) 
for every value of i. 

We could now define an inner product in A by the relation 


9) = > Soa 


and then A would be the direct product of the spaces /?(u;). In fact, we 
proceed more generally as follows. 
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We suppose that an inner product { f,g} has been defined in X, and that r 
is a complete inner-product space in which the simple elements over s are 
dense. 


Consider now two systems satisfying these conditions, specified by 
the symbols 


’ 


(5, 89, 44, P25---), 8 (sets p,q,...), A (elements f,g,...), 
(A, So, v4, ¥2,---), S (sets P, Q,...), A (elements F, G,...). 


No confusion will arise between A, A if their inner products are denoted 
by the same symbol. 

A pvS-kernel y can be defined as follows. The kernel is a sequence 
of point-set functions y(P) satisfying the following conditions (if, 
however, A has ‘dimension’ N, then 1 < i < N: this means that A is 
constructed from sets of N elements): 


(i) y(P) is defined over all Pe 8S, all 7; 
(ii) y(P) € A, so that we may write 


yo (P) = [yO(P ), yP(P),..-]; y\(P) E (5); 


(iii) for each i, y(P) is finitely additive over S (this is equivalent 
to the condition that, for each i, j, y\ be finitely additive over S) ; 


(iv) y(P) is the zero element of A whenever v,(P) = 0. 

Similarly we define a vus-kernel I by interchange of (s, A, 4;), (S, A, v;). 
If A is of dimension n, then T consists of n elements of A. 

THEOREM 5. T'o each unitary transformation T from X to A correspond 
a unique pvS-kernel y and a unique vus-kernel I’, satisfying the relations 

(A) {e:p,.¥%P)} = (Pp), ,(P)} 
(Ky) (°P), Y(Q)} = {e, P, ¢; Q}, 
(Ky) £1(p), Pg)} = {e:p, ie 
for alli, j, pes, PES. 
if Tf = F, T“9F = f, dm 
(T,) {F,e;P}= {fy Py},  (T2) {freep} = (F, T(p)} 
for alli, j,pes, PES. 

Conversely, if y, T are uvS, vus-kernels respectively for which (A), (K,) 
(K,) hold, then (T,), (T',) provide a unitary transformation T from 2 to A, 
with Tf = F, and its inverse. 

To prove the first part, we define, for each 1, j, p, P, 

TO(p) = Te; p, YP) = T-e,(P), 
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and proceed as in § 3. For the converse, let 
op 
f = > z= Aya Cy Pra 
a=1 r=1 

be any simple element of A, in which p,, are disjoint sets of s for 

l<irc p= p(a), 
and a,, are complex numbers. We then define a transformation 7, from 
A to A over these simple elements by the relation 


C2) p 
Tf = 2, 2, tra IN*(p,,.). 


It must be shown in the first instance that 7) f exists, and that 7, is 
single-valued. If 


N 
{M= = s > Bry Sx Pra FM) = pm Sa, o, Pt nd, 


a=1 r=1 


then, using (K,), we have 
[FOP = ¥ > aya Fep{P(P,a), Pp, g)} 


ap rs 
7 - p> Ara, G.g{C, Pros Cg Psp} = ||f|?. 


It follows that 7) f exists and |/7)/f|| = ||f ||. Next, let g be the simple 
element of A given by 


o = = 4 > <= Ng = po > > b, — (Yro)> 


a=] 
where the sets q,, € 8, and are disjoint for 1 <r <o=o(r). If f=g, 
where f is given by (6.2), then 


U Pra = (U Gra} U p, Ha(P) = 0, P = Pu 


Hence 


p p o 
> Ary Poy Prod = > Any > Tp, 4 n Ysa) 
r=1 r=1 s=1 


o p o 
— 2, bea »% TO'(p, 4 n Ys) a 2 Bex (9,4), 
8= r= s= 


precisely as in the proof of Theorem 2. Hence 7) f = Tyg, and J, is 
single-valued. 

We prove similarly that 7, is linear. As before, we obtain trans- 
formations 7', 7” with domains A, A respectively. Suppose next that 
f is given by (6.2) and that G is any simple element of A, say 


G = 2 > AncaPp, TG = > 4p /Pp), 


=1 =1 B=1 se=1 
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where A,g are complex numbers, and Pg € S and are disjoint for 


l<s<oa= o(f). 


Then, using (A), we have 


{f, T’G} _ &. Try Asp{Cu Prov y'®( P.g)} 


a a a, a Agg{I Pro)» cg P, 


aprs 
= (Tf, . 


Thus the analogue of (3.1) holds for simple elements, and the proof is 
completed as before. 

It should be noted that the measures p;, v; appear explicitly in con- 
ditions (iv) for the kernels only, but that the sets s (and S) must be the 
same for all py; (and »,). 

The theory can be further generalized .by considering isometric trans- 
formations between closed linear manifolds in A and A. This can be done 
by replacing the characteristic function of (6.1) by a set of elements of A 
whose ‘components’ are arbitrary simple elements. 


7. Direct product spaces 


We consider now the modifications of the preceding results which 
arise if, in A, 


{f, g} a 2, (fis 9)> IF |? = 2! Fill? al 
and, in A, 


{F,@ , (Es G,), 


4 


i 


Then A is the direct product of /?(u,), [?(u,),..., which is known to be 
complete, and similarly for A. Granted suitable rings of sets s, S, the 
results of Theorem 5 hold with the following system of equations, in 
which 1 < i, j < ©, and 6,; is the Kronecker delta: 


[ PP) du; = [ TPP) do,, 
p og 


(Ky) Sf PW) dug = 8yx(P 9 Q), 
Te 


(Kg) p> | PP (p) PP) dvg = 8;;4(p 4), 


A 
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(1) [Fav = > [ fa¥P(P) des 
Pp a 


(T') ff du; = > [ BT?) dvp. 
p B=14 
If, however, the ‘dimensions’ of A, A are n, N respectively, the integers 
i, ) have the following ranges: 


(A) (1 tin, 1 <j<WN), (K,) (1 <14,j7< N), 


“ 
(K,) (l<ijgcn), (F%) (l<j<N), (T,) (lL<icn). 


In this case it is easily seen that, if the simple functions over s are dense 
in each space /?(;), then the simple elements of A are dense in A. 


8. Partitioned spaces 

An apparently different case arrives when we have a measurable space 
(5, 89), and partition it into a finite or infinite sequence of measurable sets 
(say the latter) which are non-empty and disjoint, say 5 = (J 5;. Suppose 
that so; is the class of sets defined by the condition 


€€8»; if there exists H € sy for which e = EN 8,. 


Then, for each i, 89; is a o-ring over 5;, and, if we define a measure jj 
in each (5;, 89;), so that (8,, 89;, u;) is a measure space of the required type, 
we may construct a function space, say /?, over (8; 5 ;, 4;). In this way 
we obtain a sequence of /? spaces as before. Finally we can construct 
a linear space ’ as the class of elements [ f,, f2,...| with f; € /?, and obtain 
a result corresponding to Theorem 5. 

It turns out, however, that every 1’ is a subspace of some A. For we 
can define a sequence of measures yp; over (5,89) by the relations 


wile) = wie 8,), 


and the situation is reduced to that of § 6. 
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